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Abstract. For a graph G = (V, E) with a vertex set V' and an edge set
E, a function f : V — {0,1,2,...,diam(G)} is called a broadcast on G.
For each vertex u € V, if there exists a vertex v in G (possibly, u = v)
such that f(v) > 0 and d(u,v) < f(v), then f is called a dominating
broadcast on G. The cost of the dominating broadcast f is the quantity
> wev f(v). The minimum cost of a dominating broadcast is the broad-
cast domination number of G, denoted by 7, (G).

A multipacking is a set S C V in a graph G = (V, E) such that for
every vertex v € V and for every integer r > 1, the ball of radius r
around v contains at most r vertices of S, that is, there are at most
r vertices in S at a distance at most r from v in G. The multipacking
number of GG is the maximum cardinality of a multipacking of G and is
denoted by mp(G).

It is known that mp(G) < 74(G) and that v, (G) < 2mp(G)+3 for any
graph G, and it was shown that 7,(G) — mp(G) can be arbitrarily large
for connected graphs (as there exist infinitely many connected graphs G
where 7,(G)/ mp(G) = 4/3 with mp(G) arbitrarily large). For strongly
chordal graphs, it is known that mp(G) = 74(G) always holds.

We show that, for any connected chordal graph G, v (G) <
[2mp(G)]. We also show that 7,(G) — mp(G) can be arbitrarily large
for connected chordal graphs by constructing an infinite family of con-
nected chordal graphs such that the ratio v (G)/ mp(G) = 10/9, with
mp(Q) arbitrarily large. This result shows that, for chordal graphs, we
cannot improve the bound 7,(G) < [2 mp(G)] to a bound in the form

Y (G) < ¢1 - mp(G) + ¢2, for any constant ¢; < 10/9 and c».
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1 Introduction

Covering and packing problems are fundamental in graph theory and algo-
rithms [6]. In this paper, we study two dual covering and packing problems
called broadcast domination and multipacking. The broadcast domination prob-
lem has a natural motivation in telecommunication networks: imagine a network
with radio emission towers, where each tower can broadcast information at any
radius 7 for a cost of r. The goal is to cover the whole network by minimiz-
ing the total cost. The multipacking problem is its natural packing counterpart
and generalizes various other standard packing problems. Unlike many standard
packing and covering problems, these two problems involve arbitrary distances
in graphs, which makes them challenging. The goal of this paper is to study the
relation between these two parameters in the class of chordal graphs, which are
those graphs that do not contain any induced cycle of a length at least 4.

For a graph G = (V, E) with a vertex set V', an edge set F and the diameter
diam(QG), a function f : V — {0,1,2,...,diam(G)} is called a broadcast on G.
Suppose G be a graph with a broadcast f. Let d(u,v) = the length of a shortest
path joining the vertices u and v in G. We say v € V is a tower of G if f(v) > 0.
Suppose u,v € V (possibly, u = v) such that f(v) > 0 and d(u,v) < f(v), then
we say v broadcasts (or dominates) u and u hears the broadcast from wv.

For each vertex u € V, if there exists a vertex v in G (possibly, u = v)
such that f(v) > 0 and d(u,v) < f(v), then f is called a dominating broadcast
on G. The cost of the broadcast f is the quantity o(f), which is the sum of
the weights of the broadcasts over all vertices in G. So, o(f) = > oy f(v).
The minimum cost of a dominating broadcast in G (taken over all dominating
broadcasts) is the broadcast domination number of G, denoted by v,(G). So,

Y (G) fele(nG)U( ;e D(G) Z f(v), where D(G) = set of all dominating
broadcasts on G.

Suppose f is a dominating broadcast with f(v) € {0,1} Vv € V(G), then
{v e V(G): f(v) =1} is a dominating set on G. The minimum cardinality of a
dominating set is the domination number which is denoted by v(G).

An optimal broadcast or optimal dominating broadcast on a graph G is a
dominating broadcast with a cost equal to v,(G). A dominating broadcast is
efficient if no vertex hears a broadcast from two different vertices. So, no tower
can hear a broadcast from another tower in an efficient broadcast. There is
a theorem that says, for every graph there is an optimal efficient dominating
broadcast [7]. Define a ball of radius r around v by N,.[v] = {u € V(G) : d(v,u) <
r}. Suppose V(G) = {v1,va,v3,...,0,}. Let ¢ and = be the vectors indexed by
(i,k) where v; € V(G) and 1 < k < diam(G), with the entries ¢;, = k and
zip = 1 when f(v;) = k and x;, = 0 when f(v;) # k. Let A = [a; ;,x)] be a
matrix with the entries

g 1 if vy € Ni[vi]
ACL 0 otherwise.
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Hence, the broadcast domination number can be expressed as an integer
linear program:

w(G) = min{c.z : Az > 1,2, € {0,1}}.

The mazimum multipacking problem is the dual integer program of the above
problem. Moreover, multipacking is a generalization of packing problems. A mul-
tipacking is a set M C V in a graph G = (V, E) such that |N,.[v] N M| < r for
each vertex v € V(G) and for every integer r > 1. The multipacking number
of G is the maximum cardinality of a multipacking of G and it is denoted by
mp(G). A mazimum multipacking is a multipacking M of a graph G such that
M| = mp(G). If M is a multipacking, we define a vector y with the entries
y; =1 when v; € M and y; = 0 when v; ¢ M. So,

mp(G) = max{y.1:yA <c,y; € {0,1}}.

Broadcast domination is a generalization of domination problems and mul-
tipacking is a generalization of packing problems. Erwin [8,9] introduced broad-
cast domination in his doctoral thesis in 2001. Multipacking was introduced in
Teshima’s Master’s Thesis [15] in 2012 (also see [3,6,7,14]). For general graphs,
an optimal dominating broadcast can be found in polynomial-time O(n®) [12].
The same problem can be solved in linear time for trees [4]. However, until now,
there is no known polynomial-time algorithm to find a maximum multipacking
of general graphs (the problem is also not known to be NP-hard). However,
polynomial-time algorithms are known for trees and more generally, strongly
chordal graphs [4]. See [10] for other references concerning algorithmic results
on the two problems.

It is known that mp(G) < 4,(G), since broadcast domination and multi-
packing are dual problems [5]. It is known that v, (G) < 2mp(G) + 3 [1] and
it is a conjecture that v,(G) < 2mp(G) for every graph G [1]. Hartnell and
Mynhardt [11] constructed a family of connected graphs such that the differ-
ence 75(G) — mp(G) can be arbitrarily large and in fact, for which the ratio
Y%(G)/ mp(G) = 4/3. Therefore, for general connected graphs,

4 : (G)

3 S mp(lg)n—mo Sub { Inp(G) } S 2
A natural question comes to mind: What is the optimal bound on this ratio for
other graph classes? It is known that +,(G) = mp(G) holds for strongly chordal
graphs [4]. Thus, a natural class to study is the class of chordal graphs.

In this paper, we establish an improved relation between ~,(G) and mp(G)
for connected chordal graphs by showing that v,(G) < [2mp(G)|. We then
construct a family of connected chordal graphs such that the difference v, (G) —
mp(G) can be arbitrarily large and the ratio 7,(G)/ mp(G) = 10/9 for every
member G of that family. Thus, for chordal connected graphs G, we have:

10 . 'Yb(G) 3
< J < —.
lim sup { (@) 5
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We also make a connection with the fractional versions of the two concepts,
as introduced in [2].

In Sect.2, we show that for any connected chordal graph G, v,(G) <
(% mp(G)] and there is a polynomial-time algorithm to construct a multipacking
of GG of size at least {%W In Sect. 3, we prove our main result which says
that the difference ,(G) — mp(G) can be arbitrarily large for connected chordal
graphs, and we conclude in Sect. 4.

2 An Inequality Linking Broadcast Domination
and Multipacking Numbers of Chordal Graphs

In this section, we use results from the literature to show that the general
bound connecting multipacking number and broadcast domination number can
be improved for chordal graphs.

Theorem 1 ([11]). If G is a connected graph of order at least 2 having diameter
d and multipacking number mp(G), where P = vq, ... ,vq is a diametral path of
G, then the set M = {v; : 1 =0 (mod 3),i =0,1,...,d} is a multipacking of G
of size {%1 and {%1 < mp(G).

Theorem 2 ([9,15]). If G is a connected graph of order at least 2 having radius
r, diameter d, multipacking number mp(G), broadcast domination number v, (Q)
and domination number v(Q), then mp(G) < v(G) < min{y(G),r}.

Theorem 3 ([13]). If G is a connected chordal graph with radius r and diam-
eter d, then 2r < d+ 2.

Proposition 1. If G is a connected chordal graph, then ~,(G) < [% mp(G)].

Proof. From Theorem 1, {%] < mp(G) which implies that d
1. Moreover, from Theorem 2 and Theorem 3, 7,(G) < r
LWJ = [3mp(G) + %]. Therefore, 1,(G) < |3mp(G)+ 1
[3mp(G)]. O

The proof of Proposition 1 has the following algorithmic application.

Proposition 2. If G is a connected chordal graph, there is a polynomial-time
2mp(G)71‘|

algorithm to construct a multipacking of G of size at least [ 5

Proof. If P = vy, ...,v,4 is a diametrical path of G, then the set M = {v; : i =
0 (mod 3),i = 0,1,...,d} is a multipacking of G of size (%W by Theorem 1.
We can construct M in polynomial-time since we can find a diametral path
of a graph G in polynomial-time. Moreover, from Theorem 1, Theorem 2 and
Theorem 3, |'2mp(3G)—1‘| < PTS_W < [%W < mp(G). O

Example 1. The connected chordal graph Ss (Fig.1) has mp(Ss) = 1 and
7(S3) = 2. So, here v,(S3) = [ 3 mp(S3)].



Broadcast Domination and Multipacking Numbers on Chordal Graphs 301

mq

S3

Fig. 1. S3 is a connected chordal graph with v,(S3) = 2 and mp(S3) =1

my mo

F

Fig. 2. F is a connected chordal graph with ~,(F) = 3 and mp(F) = 2

Example 2. The connected chordal graph F (Fig.2) has mp(F) = 2 and
Y (F) = 3. So, here v,(F) = [ 2 mp(F)].

Example 3. The connected chordal graph H (Fig.3) has mp(H) = 4 and
Y(H) = 6. So, here y,(H) = [3 mp(H)].

We could not find an example of connected chordal graph with mp(G) = 3
and 7,(G) = [2 mp(G)]| = 5.

3 Unboundedness of the Gap Between Broadcast
Domination and Multipacking Numbers of Chordal
Graphs

Here we prove that the difference between broadcast domination number and
multipacking number of connected chordal graphs can be arbitrarily large. We
state the theorem formally below.

Theorem 4. The difference v,(G)—mp(G) can be arbitrarily large for connected
chordal graphs.

Consider the graph G as in Fig 4. Let By and By be two isomorphic copies
of G. Join by 21 of By and by ; of By by an edge (Fig.5 and 6). We denote this
new graph by G5 (Fig. 5). In this way, we form G, by joining k isomorphic copies
of Gy: By, Ba,- -+ , By (Fig.6). Here B; is joined with B;4q by joining b; 91 and
bit1,1. We say that B; is the ¢-th block of G}. B; is an induced subgraph of Gy, as
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my my 2

H

Fig. 3. H is a connected chordal graph with v,(H) = 6 and mp(H) = 4

mi mo ms ms
b1 . b1,21

my

G

Fig. 4. G; is a connected chordal graph with v,(G1) = 5 and mp(G1) = 5. M1 = {m; :
1 <4 <5} is a multipacking of size 5.

given by B; = Gi[{b;; : 1 < j < 21}]. Similarly, for 1 <i < 2k—1, we define B;U
Bi+1, induced subgraph of ng, as Bl @] Bi+1 = GQk[{bi,jabi+l,j 01 S ] S 21}]
We prove Theorem 4 by establishing that ~v,(Gax) = 10k and mp(Gax) = 9k.
Then we can say, for all natural numbers k, 7,(Gar) — mp(Gar) = k, so the
difference can be arbitrarily large.

3.1 Proof of Theorem 4

Our proof of Theorem 4 is accomplished through a set of lemmas which are stated
and proved below. We begin by observing a basic fact about multipacking in a
graph. We formally state it in Lemma 1 for ease of future reference.

Lemma 1. Suppose M is a multipacking in a graph G. If u,v € M and u # v,
then d(u,v) > 3.

Proof. If d(u,v) =1, then u,v € Ny[v] N M, then M cannot be a multipacking.
So, d(u,v) # 1. If d(u,v) = 2, then there exists a common neighbour w of u
and v. So, u,v € Ny[w] N M, then M cannot be a multipacking. So, d(u,v) # 2.
Therefore, d(u,v) > 2. O

Lemma 2. mp(Gay) > 9k, for each positive integer k.

Proof. Consider the set Map = {b2i—1,1,b2i—1,7,b2i-1,13, 021,18, b2i—1,21, b2; 4,
bai 8, b2i.14,b2:.18 1 1 < i <k} (Fig.6) of size 9k. We want to show that My is a
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mq mo ms ms

Fig. 5. Graph G2 with 7,(G2) = 10 and mp(G2) = 9. M = {m; : 1 <i < 9} isa
multipacking of size 9.

multipacking of Gai. So, we have to prove that, | N,.[v]N Mag| < r for each vertex
v € V(Gax) and for every integer r > 1. We prove this statement using induction
on r. It can be checked that | N, [v]N Mzg| < r for each vertex v € V(Gay) and for
each r € {1,2,3,4}. Now assume that the statement is true for r = s, we want
to prove that, it is true for r = s+ 4. Observe that, |(Nst4[v] \ Ns[v]) N May| < 4
for every vertex v € V(Gay). Therefore, |Ngy4[v] N Mag| < |Ns[v] N Mog| + 4 <
s 4+ 4. So, the statement is true. Therefore, My is a multipacking of Gag. So,
mp(GQk) Z |M2k| = 9k. U

Lemma 3. mp(G;) =5.

Proof. V(G1) = Ns[b1,7] U Na[b1,17]. Suppose M is a multipacking on G; such
that |[M| = mp(Gi). So, |M N N3[b17]| < 3 and |M N Na[by 17]| < 2. Therefore,
|M N (Ns[b1,7] U Nafb1,17])| < 5. So, | M NV(G)| < 5, that implies |[M| < 5.
Let My = {b1,1,b1,7,b1,13,b1,18,b1,21}. Since |[N,.[v] N M| < r for each vertex
v € V(G1) and for every integer r > 1, so M; is a multipacking of size 5. Then
5 = |M;| < |M]. So, |[M]| = 5. Therefore, mp(G1) = 5. O

So, now we have mp(G1) = 5. Using this fact we prove that mp(Gs) = 9.
Lemma 4. mp(Gy) =9.

Proof. As mentioned before, B; = G[{b; ; : 1 < j <21}],1 < <2.So, By and
By are two blocks in G which are isomorphic to G;. Let M be a multipacking
of Gy with size mp(Gz). So, |M| > 9 by Lemma 2. Since M is a multipacking of
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VAVARSAVAVARR VAV
VAR v v

i—1,21

bi 3 bi,6 b7 bigs  bito  biiz biia biis  biir bigo b
2 II bi5 big I bi 12 bi 16 I bi 19

bia bi 11 bi,18

bi1
b;
B;

RVAVARSAVAVARERVAY,
VAR vy

Bi

Gy,
Fig. 6. Partial depiction of graph Gj.

G2, 30 MNV(B;) and M NV (By) are multipackings of B; and Bs, respectively.
Let M NV(By) = M; and M NV (Bs) = M. Since By & G and By 2 Gy, so
mp(B;) =5 and mp(Bs) = 5 by Lemma 3. This implies [M;| < 5 and |M,| < 5.
Since V(B1) UV (B3) = V(G2) and V(B1) NV(Bs3) = ¢, so M1 N My = ¢ and
|M| = | M| + |Ms]. Therefore, 9 < |M| = |M;| + | M| < 10. So, 9 < |M| < 10.

We establish this lemma by using contradiction on |M|. In the first step, we
prove that if |M;| = 5, then the particular vertex by 21 € M. Using this, we can
show that |Mz| < 4. In this way we show that |M] < 9.

For the purpose of contradiction, we assume that |M| = 10. So, |[My|+| M| =
10, and also |My| <5, |Ms| < 5. Therefore, | M7 | = |Ms| = 5.

Claim 4.1. If |M;| = 5, then by 21 € M;.

Proof of Claim. Suppose by 21 ¢ M. Let S = {b17,b1,14}, S1 = {b1, : 1 <
r <6}, Sy ={b1,:8<r <13}, S3={b1,:15 <r <20}. If u,v € Sy, then
d(u,v) < 2, this holds for each t € {1,2,3}. So, by Lemma 1, u, v together cannot



Broadcast Domination and Multipacking Numbers on Chordal Graphs 305

be in a multipacking. Therefore |S; N My| < 1 for ¢ = 1,2,3 and |[S N M| <
|S| = 2. NOW, 5= |M1‘ = ‘Ml n [V(Gl) \ {b1721}| = |M1 N (SU Sl U Sz U Sg)‘ =
[(MiNS)U(MyNS)U (M NSy)U(MyNSs)| < |MyNS|+|MyNSy|+ M N
Sal + |M;NSs| <2414 141 =05. Therefore, [S; N M| =1 for t =1,2,3 and
|S N M| =2,s0b1,7,b1,14 € My. Since |S2 N M;| = 1, there exists w € Sa N Mj.
Then Na[b1,10] contains three vertices by 7,b1,14, w of My, which is not possible.
So, this is a contradiction. Therefore, by 21 € M;. N

Claim 4.2. If |M;| = 5, then |Ms| < 4.

P?"OOf Of Claim. Let S/ = {b2’14,b2}21}7 54 = {bg’r 01 S r S 6}, S5 = {bg’r 0 8 §
r <13}, Sg = {ba, : 15 < r < 20}. By Lemma 1, |S, N Ms| < 1 for t = 4,5,6
and also |[S' N M| < |57 = 2.

Observe that, if S4ﬂM2 7é (,257 then b277 ¢ M2 (1e if b277 S Mg, then S4QM2 =
¢). [Suppose not, then Sy N My # ¢ and by 7 € My, so, there exists u € Sy N Ma.
Then Na[bs 3] contains three vertices by 21,b2,7,u of M, which is not possible.
This is a contradiction].

Suppose Sq N My # ¢, then b7 ¢ Ms. Now, 5 = |My| = |[My N [V(Bsg) \
{b2.7}]] = | M2N(S"US1US5USe)| = |(M2NS)U(M2NSa)U(MaNSs)U(MzNSg)| <
[Mo S|+ | My N Sy| + [MaN S5+ [MaNSg| <24 1+1+1=5. Therefore
|St N Ms| =1 for t = 4,5,6 and |S’ N Ma| = 2. Since |M2 N Sg| = 1, so there
exists u; € My N Se. Then Na[bg 17] contains three vertices ba 14, b2 21, u1 of My,
which is not possible. So, this is a contradiction.

Suppose Sy N My = ¢, then either by 7 € My or by 7 ¢ M. First consider
b2,7 ¢ My, then 5 = |M2| = |M2 N (Sl USs U Sﬁ)| = |(M2 N Sl) @] (MQ N 55) U
(M2ﬂ56)| < |MQOS/‘+|MQQS5|+|MQQSG| <2+1+4+1=4. SO, this is a
contradiction. And if bo 7 € Mo, then 5 = |Ma| = [M2N(S'US5USsU{ba.7})| =
|(M2 ﬂS/> U (M2 mS5) U (MQDSG) U (Mg ﬂ{bgj})l < |M2 ﬂS’| + |M2 ﬁS5| + |M2 N
Se| + M2 N{b27}| <2+1+41+1=5. Therefore |S; N My| =1for t =5,6 and
|S” N My| = 2. Since [Ma N Sg| = 1, so there exists ug € My N Ss. Then No[bs 17]
contains three vertices b2 14, b2 21, u2 of My, which is not possible. So, this is a
contradiction. So, [Mi]| =5 = |Ms| < 4. N

Recall that for contradiction, we assume | M| = 10, which implies |M3| = 5. In
the proof of the above claim, we established | M| < 4, which in turn contradicts
our assumption. So, |M| # 10. Therefore, |M| = 9. O

Notice that graph Goi has k copies of Gy. Moreover, we have mp(Gs) =
9. If mp(Gax) > 9k, then we will use the Pigeonhole principle to show that
mp(Gay) = 9k.

Lemma 5. mp(Gar) = 9k, for each positive integer k.

Proof. For k =1 it is true by Lemma 4. Moreover, we know mp(Gax) > 9k by
Lemma 2. Suppose k > 1 and assume mp(Gak) > 9k. Let M be a multipacking of
Gl such that | M| > 9k. Let B, be a subgraph of G, defined as B; = Baj_1UDBs;

where 1 < j < k. So, V(Gar) = Ui_, V(B)) and V(B,) N V(B,) = ¢ for all
p#qand p,q € {1,2,3,...,k}. Since \M| > 9k, so by the Pigeonhole principle
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there exists a number j € {1,2,3, ..., k} such that [MNB;| > 9. Since MN B, is
a multipacking of Bj, S0 mp(B ) > 9 But B >~ (G2 and mp(Gsz) = 9 by Lemma
4, so mp(B ) =9, which is a contradiction. Therefore, mp(Gar) = 9k. O

R. C. Brewster and L. Duchesne [2] introduced fractional multipacking in
2013 (also see [16]). Suppose G is a graph with V(G) = {v1,v9,vs3,...,v,} and
w : V(G) — [0,00) is a function. So, w(v) is a weight on a vertex v € V(G).
Let w(S) =}, cgw(u) where S C V(G). We say w is a fractional multipacking
of G, if w(N,[v]) < r for each vertex v € V(G) and for every integer r > 1.
The fractional multipacking number of G is the value mgxw(V(G)) where w is

any fractional multipacking and it is denoted by mp;(G). A mazimum fractional
multipacking is a fractional multipacking w of a graph G such that w(V(G)) =
mps(G). If w is a fractional multipacking, we define a vector y with the entries
y; = w(v;). So,

mpy(G) = max{y.1:yA < c,y; > 0}.
So, this is a linear program which is the dual of the linear program min{c.z :
Az > 1,z; > 0}. Let,

M,#(G) = min{c.x : Az > 1,2, > 0}.
Using the strong duality theorem for linear programming, we can say that

mp(G) < mpy(G) = 1,7(G) < W(G).

Lemma 6. If k is a positive integer, then mp;(Gy) > 5k.

Proof. We define a function w : V(Gg) — [0,00) where w(b;1) = w(bj6) =
w(b;7) = wbig) = w(binz) = wlbia) = wbiis) = wlbizo) = wbi21) = %
and w(bi74) = U)(b@n) = w(bi,lg) = % for each i € {1,2,3, .. ,k’} (Flg 7) So,
w(Gy) = bk. We want to show that w is a fractional multipacking of Gg. So,
we have to prove that w(N,[v]) < r for each vertex v € V(Gj) and for every
integer » > 1. We prove this statement using induction on r. It can be checked
that w(N,[v]) < r for each vertex v € V(G},) and for each r € {1,2,3,4}. Now
assume that the statement is true for r = s, we want to prove that it is true
for r = s 4+ 4. Observe that, w(N,14[v] \ Ns[v]) < 4, Yo € V(Gy). Therefore,
wW(Nsta[v]) < w(Ng[v])+4 < s+4. So, the statement is true. So, w is a fractional
multipacking of Gj. Therefore, mps(Gy) > 5k. O

Lemma 7. If k is a positive integer, then mps(Gy) = v (Gi) = 5k.

2 ifl1<i<kandj=6,17
Proof. Define a broadcast f on Gy as f(b; ;) =41 if1<i<kandj=12
0 otherwise
Here f is an efficient dominating broadcast and ZvGV G )f(v) = 5k. So,
Y(Gr) < 5k, Vk € N. So, by the strong duality theorem and Lemma 6, 5k <
mps(Gg) = ’yb7f(Gk) < 7(Gk) < bk. Therefore, mp(Gr) = 1 (Gx) = bk. O
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Bi

Gk:

Fig. 7. Fractional multipacking of GY.

So, Vp(Gaxr) = 10k by Lemma 7 and mp(Gax) = 9%k by Lemma 5. So, we
can say that for all positive integers k, 7,(Gax) — mp(Gay) = k. Therefore, this
proves Theorem 4. So, the difference 7,(G) — mp(G) can be arbitrarily large for
connected chordal graphs.

Corollary 1. The difference mp¢(G) — mp(G) can be arbitrarily large for con-
nected chordal graphs.

Proof. We get mpy(Gar) = 10k by Lemma 7 and mp(Gax) = 9k by Lemma 5.
Therefore, mpy(Gar) — mp(Gax) = k for all positive integers k. a

Corollary 2. For every integer k > 1, there is a connected chordal graph Gay,
with mp(Gay) = 9k, mps(Gar)/ mp(Gar) = 10/9 and v5(Gar)/ mp(Gay) = 10/9.

Corollary 3. For connected chordal graphs G,

10 . 7 (G) 3
— < lim su < —.
9 7 mp(G)—oo P { mp(G) -2
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4 Conclusion

We have shown that the bound v,(G) < 2mp(G) + 3 for general graphs G can
be improved to 7,(G) < |—% mp(Gﬂ for connected chordal graphs. It is known
that for strongly chordal graphs, 7,(G) = mp(G), we have shown that this is
not the case for connected chordal graphs. Even more, 74(G) — mp(G) can be
arbitrarily large for connected chordal graphs, as we have constructed infinitely
many connected chordal graphs G where v,(G)/ mp(G) = 10/9 and mp(G) is
arbitrarily large.

It remains an interesting open problem to determine the best possible value of

lim  sup { 7(G) } for general connected graphs and for chordal connected
mp(G)—oo mp(G)

graphs. This problem could also be studied for other interesting graph classes.
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