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Abstract
In the Isometric Path Partition problem, the input is a graph G with n vertices and an
integer k, and the objective is to determine whether the vertices of G can be partitioned into k

vertex-disjoint shortest paths. We investigate the parameterized complexity of the problem when
parameterized by the treewidth (tw) of the input graph, arguably one of the most widely studied
parameters. Courcelle’s theorem [Information & Computation, 1990] shows that graph problems
that are expressible as MSO formulas of constant size admit FPT algorithms parameterized by the
treewidth of the input graph. This encompasses many natural graph problems. However, many
metric-based graph problems, where the solution is defined using some metric-based property of the
graph (often the distance) are not expressible as MSO formulas of constant size. These types of
problems, Isometric Path Partition being one of them, require individual attention and often
draw the boundary for the success story of parameterization by treewidth.

We show that Isometric Path Partition is W[1]-hard when parameterized by treewidth (in
fact, even pathwidth (pw)), answering the question by Dumas et al. [SIDMA, 2024], Fernau et
al. [TCS, 2025], and confirming the aforementioned tendency. We complement this hardness result
by designing a tailored dynamic programming algorithm running in nO(tw) time. This dynamic
programming approach also results in an algorithm running in time diamO(tw2) · nO(1), where diam
is the diameter of the graph. It is known that Isometric Path Partition remains NP-hard on
graphs of diameter 2; hence, the combination of both parameters is necessary to obtain a tractable
algorithm. Note that the dependency on treewidth is unusually high, as most problems that are FPT
for treewidth admit algorithms running in time 2O(tw) · nO(1) or 2O(tw log(tw)) · nO(1). However, we rule
out the possibility of a significantly faster algorithm, showing that Isometric Path Partition does
not admit an algorithm running in time diamo(pw2/(log3(pw))) · nO(1), assuming the Randomized-ETH.
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1 Introduction

In this paper, we investigate the parameterized complexity of a metric-based optimization
problem known as Isometric Path Partition, that deals with partitioning the vertex set
of an input graph into a given number of isometric (i.e., shortest) paths.

Metric-based optimization problems. The main subject of metric graph theory is the
investigation and characterization of graph classes and graph problems, where the graphs are
equipped with a metric [4,23]. It is a central topic in mathematics and computer science with
far-reaching applications in group theory [1, 43], matroid theory [5], learning theory [24–27],
and computational biology [6]. One of the most natural metrics related to graphs is the
shortest-path distance between two vertices. On the algorithmic side, many problems related
to network monitoring, transportation networks, information retrieval, or computational
learning can often be formulated as problems on graphs in which the objective is to find
vertices that satisfy specified distance-related properties. We use “metric-based optimization
problems” as an umbrella term for such problems. This includes many important and classic
graph problems, such as Single Source Shortest Paths, Distance d-Dominating
Set (also called (k, d)-Center), Distance d-Independent Set (also called d-Scattered
Set), Metric Dimension, Geodetic Set, Isometric Path Cover, etc.

Some of these problems have been cornerstones in the development of classic as well
as parameterized algorithms and complexity [8, 12, 20, 37, 46, 47, 54], as they behave quite
differently from their more “local” (neighborhood-based) counterparts such as Vertex
Cover, Independent Set or Dominating Set.

In parameterized analysis, we associate each instance I with a parameter ℓ, and are
interested in an algorithm with running time f(ℓ) · |I|O(1) for some computable function f .
Parameterized problems that admit such an algorithm are called fixed parameter tractable
(FPT) parameterized by ℓ. On the other hand, W[1]-hardness categorizes problems that are
unlikely to have FPT algorithms. A parameterized problem is in XP if it admits an algorithm
running in time |I|f(ℓ) for some computable function f .

Limitations of Treewidth. Many problems admit FPT algorithms when parameterized by
treewidth, a parameter that quantifies tree-likeness of the graph. Courcelle’s celebrated
theorem [29] states that the class of graph problems expressible in Monadic Second-Order
(MSO) Logic of constant size is fixed-parameter tractable (FPT) when parameterized by the
treewidth of the graph [30, Chapter 7]. Although one can express many graph properties
using MSO formulas of constant size, there is no such formula to encode the following: given
a subset of vertices and two specified vertices s, t, this subset forms an isometric path (i.e., a
shortest path) between s and t [53]. This hinders the application of Courcelle’s theorem to
metric-based optimization problems.

Consider the example of Dominating Set and its generalization Distance d-
Dominating Set. The objectives of these problems are to find a subset of vertices S

such that any vertex in V (G) \ S is at distance at most 1 and at most d, respectively, from at
least one vertex in S. As the distance requirement in the first problem is upper bounded by a
constant, it is expressible as an MSO formula of constant size, resulting in an FPT algorithm



D. Chakraborty, O. Defrain, F. Foucaud, M. Mari, and P. Tale 11:3

parameterized by treewidth. However, this is not the case for the latter problem. In fact, if
d is part of the input, it is known that Distance d-Dominating Set is W[1]-hard when
parameterized by treewidth [17]. There are similar results for Independent Set and its
generalization Distance d-Independent Set [47]. Similarly, the metric-based optimization
problems Geodetic Set and Metric Dimension are even NP-hard when the treewidth of
the graph is a constant [54,70]. Hence, metric-based optimization problems require individual
attention and often draw the boundary for the success story of parameterization by treewidth
stemming from Courcelle’s theorem.

Isometric Path Partition. Isometric (i.e., shortest) paths in graphs and vertex-partitioning
are among the most fundamental constructs in the area of graph algorithms. In this article,
we consider an interesting metric-based optimization problem known as Isometric Path
Partition, whose objective is to partition the vertex set of a graph into a prescribed number
of isometric paths. Formally it is defined as follows.

Isometric Path Partition
Input: A graph G and an integer k.
Output: Is there a partition of the vertex set of G into k sets, each of them forming an
isometric path in G?

Algorithmic aspects of Isometric Path Partition received increasing attention in
recent years [18,34,59]. (We discuss the related literature in detail later.) It is also related
to other (non-metric based) path problems such as the celebrated Hamiltonian Path (and
its generalization Path Partition) or Disjoint Paths, which are fundamental and have
numerous applications [3, 58,66].

Our results. As our first result, we show that the problem is XP parameterized by treewidth.

▶ Theorem 1. Isometric Path Partition admits an algorithm running in time nO(tw),
where tw is the treewidth of G and n denotes its number of vertices.

Theorem 1 establishes that Isometric Path Partition behaves differently from some
other metric-based problems, that are NP-hard even for constant treewidth [54,70].

We note that Theorem 1 implies a new (and explicit) XP algorithm for Isometric Path
Partition parameterized by solution size k: indeed, it is known that in a Yes-instance, the
pathwidth of a graph is upper-bounded by an exponential function of the solution size [33], so
our algorithm directly provides an algorithm running in time n2O(k) . Different XP algorithms
for solution size were given in [33] and [34] (note that these rely on meta-arguments such as
variants of Courcelle’s theorem or the Disjoint Paths problem).

The next natural question is whether the XP algorithm from Theorem 1 can be improved
to an FPT algorithm? Recall that closely related “path problems” like Hamiltonian Path
and Path Partition are both FPT parameterized by treewidth [31,39]. We show that this
is unlikely to be the case for Isometric Path Partition.

▶ Theorem 2. Isometric Path Partition is W[1]-hard when parameterized by the
pathwidth, and hence, the treewidth of the input graph.

Theorem 2 answers open questions from [33] and [34]. Moreover, Theorem 1 and Theorem 2
establish that Isometric Path Partition belongs to the list of problems that are XP but
W[1]-hard for treewidth. We refer to [9] for a discussion about such problems. It appears
that certain common problem features yielding this behavior can be listed, for example,

WG 2026
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problems involving weights, lists, or iterative processes. Another kind of such feature is
the fact of being metric-based, such as Metric Dimension [54], Geodetic Set [49] and
Distance-d Dominating/Independent Set [46,47]. Our result confirms this trend and
draws an interesting distinction with the related (path-based but not metric-based) Path
Partition, which is FPT for treewidth [39].

For metric-based problems, another relevant parameter is the diameter (the maximum
length of an isometric path). Unfortunately, Isometric Path Partition is NP-hard even
on graphs of diameter 2 [19]: using the diameter alone as the parameter is not fruitful.

As a third result, we show that Isometric Path Partition becomes FPT when
parameterized by both treewidth and diameter. (Note that parameterization by both
diameter and treewidth has been explored earlier in the context of other metric-based
problems [37,45].) To obtain this result, we use a dynamic programming scheme analogous
to that of Theorem 1, but manage to reduce the number of states by storing more succinct
information about the distances of the vertices to the bags of the decomposition.

▶ Theorem 3. Isometric Path Partition admits an algorithm running in time diamO(tw2) ·
nO(1) where diam is the diameter of G, tw its treewidth, and n its number of vertices.

The dependency on treewidth is unusually high, as most natural problems that are FPT for
treewidth admit algorithms running in time 2O(tw) · nO(1) or 2O(tw log(tw)) · nO(1). We however
show that an improved algorithm achieving these types of running time is highly unlikely
assuming the Randomized-ETH, which, informally speaking, postulates that there exists no
randomized algorithm with expected running time 2o(n) to solve n-variable 3-SAT [42].

▶ Theorem 4. Unless the Randomized-ETH fails, Isometric Path Partition does not
admit an algorithm running in time diamo(pw2/(log3(pw))) · nO(1).

This type of lower bounds, i.e., forbidding running times roughly of the form 2o(p2) for
some parameter p, matched by an algorithm of this running time, are not very common in
the literature. We refer here to the only other such results known to us [2,22,24,38,64,67,68]
which hold for the parameters pathwidth, vertex cover number, or solution size.

Related work. Isometric Path Partition (under this name or the one of Shortest Path
Partition) was introduced as a natural variation of the related Isometric Path Cover,
which is motivated by applications in the cops and robber game [35]. Isometric Path
Partition was studied from the structural point of view for specific graph families [36,59,63]
and shown to be NP-complete in [59]. This holds even for bipartite graphs of diameter 4 [34],
chordal graphs of diameter 2 [19] and split graphs [21]. Isometric Path Partition is
known to be polynomial-time solvable on trees [15, 40, 41, 52], cographs [21], and chain
graphs [21]. It can also be solved in polynomial time for any fixed number of solution paths
by XP algorithms, using two different methods: see [33] and [34], respectively. Isometric
Path Partition is also shown to be FPT when parameterized by the neighborhood diversity
of the input graph, and also when parameterized by the dual parameter n − k [34]. The
variant of Isometric Path Partition for DAGs is W[1]-hard for solution size k [34].

The related problem Isometric Path Cover, where the objective is to cover the vertex
set of the input graph with (not necessarily disjoint) isometric paths, is also studied [18,19,33]
and is relevant in the context of machine learning [71].

Interesting upper bounds on the pathwidth of a graph that can be covered by a given
number of isometric paths were recently obtained in [7, 33].
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Another related problem is Disjoint Shortest Paths, where we are given a set of
terminal pairs and we need to find disjoint isometric paths connecting the pairs, is also
studied: see [10, 56] and references therein. A global minimization variant called Shortest
Disjoint Paths (where only the sum of lengths of the path needs to be minimized) is
also studied [13, 60]. These two problems are variants of the celebrated Disjoint Paths
problem [48], which is central in the theory of graph minor testing [66].

When the paths are not required to be isometric, we have the general Path Partition
problem [28,41] (also known under the names of Path Cover and Hamiltonian Comple-
tion), that generalizes Hamiltonian Path and is extensively studied. This problem is also
important from a structural point of view, see [11, 44, 57]. The version where the paths need
to be induced (or chordless) is also studied, see [34,62].

Practical applications of path partition problems are numerous, for example, automatic
translation [55], network routing [69], program testing [61] or parallel programming [65]. We
refer to the surveys [3, 58] for more references on path partitioning (and covering) problems.

Organization of the paper. Due to space constraints, the proofs of all results are omitted
from this extended abstract. Instead, we present a high-level overview intended to convey
the central ideas and key insights of our algorithms and reductions. The reader is referred to
the full version of this manuscript, for more details.

Preliminary observations are given in Section 2, our dynamic programming schemes are
presented in Section 3, and our hardness results are described in Sections 4 and 5. We devote
particular attention to Section 4, as it contains what we regard as the principal contribution
of this work. Finally, we discuss future research directions in Section 6.

2 Preliminaries

We assume the reader to be familiar with the standard terminology from graph theory and
parameterized complexity, and refer to [30, 32] and the long version of this work for more
details on these notions. This section is devoted to stating easy properties that play a crucial
role in simplifying our reductions in Sections 4 and 5.

Let us recall that the length of a path denotes its number of edges, not vertices. An
isometric path (or IP for short) is a shortest path between its endpoints. An IP-partition of
a graph G is a partition of the vertex set into isometric paths. The size of an IP-partition P
of a graph G is the cardinality of P.

The next property shows that any leaf may be assumed to be part of a path of length at
least 1 in any optimal IP-partition.

▶ Lemma 5 (Leaf lemma). Let G be a graph, and D denote the set of vertices of G of
degree 1. Let v ∈ V (G) such that N(v) ∩ D = {u}. Then, G has an IP-partition with
minimum cardinality containing a path with u as an endpoint and of length at least 1.

In the remaining of the article, we denote by cherry an induced path on three vertices
with endpoints of degree 1. The next property shows that cherries may be assumed to be
part of any optimal IP-partition.

▶ Lemma 6 (Cherry lemma). Let G be a graph, and D denote the set of vertices of G

of degree 1. Let v ∈ V (G) be a vertex such that N(v) ∩ D = {u1, u2}. Then G has an
IP-partition with minimum cardinality containing the path (u1, v, u2).

We derive the following as a corollary of the Cherry lemma.

WG 2026
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Figure 1 Illustration of a solution intersected with the graph induced by the union of bags from
a subtree of the tree-decomposition (left) and its signature (right). Colors indicate which pieces
originate from a same solution path. Dotted lines represent the connections outside of the bag, and
crosses represent the locations of solution path endpoints.

▶ Lemma 7 (Twin-cherries lemma). Suppose that G contains a pair of cherries with an
isometric path connecting their middle vertex, and that every other vertex in G is only
connected to this subgraph via the middle vertices of the cherries. Then G has an IP-partition
with minimum cardinality containing the two cherries as well as the internal part of the path
connecting their middle vertex.

Let us highlight a consequence of adding cherries to a graph, which will provide insight
for our hardness reductions in Sections 4 and 5. As stated in Lemma 6, any minimum
IP-partition P of a graph G can be assumed to contain any cherry. Thus, cherries can
be added to a graph while assuming that no path in a minimum IP-partition other than
cherries use these newly added vertices. Consequently, by adding a cherry to the graph, and
making its middle vertex adjacent to a set A of vertices, we are able to reduce the distance
between elements of A to at most 2, without changing the “structure” of the IP-partition, in
the sense that cherries can be ignored from the set of vertices that are reachable by other
isometric paths. Moreover, this metric reduction can be adapted to arbitrary distances by
using twin-cherries as described in Lemma 7.

3 Dynamic programming schemes

In this section, we briefly describe a dynamic programming algorithm solving Isometric
Path Partition in XP time parameterized by the width of a given tree-decomposition.
The details can be found in the long version of this work. This algorithm roughly consists
of storing, for each bag of a decomposition, the possible intersections of isometric paths
partitions with the bags, an indication of which intersected piece comes from which path (via
a coloring function), an indication of how the obtained pieces are connected outside the bags
(via pairing functions), together with the location of their endpoints, which are used (via
their distance to the bag) to ensure that these pieces of paths are coherent with those of an
isometric path. We call signature of a solution the concatenation of each such information;
see Figure 1 for an illustration. The states of the dynamic programming algorithm consist
of the signatures, and their value is defined as the minimum order of a solution which is
compatible with the signature. Although this approach appears to follow standard techniques,
it requires careful attention, as we need to ensure that solution paths are isometric.

The algorithm computes (and stores) the values of each possible state in a bottom-up
fashion, starting with the leaf nodes of the decomposition, and finishing at its root node,
where the value of optimal solution is computed. The fact that each state can be correctly
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computed follows by induction on the type of nodes in the decomposition. Moreover, we
prove that the number of distinct signatures is bounded above by nO(w), where n is the
number of vertices, w is the width of the decomposition, and the value of one state can be
computed within this time. Finally, since a tree-decomposition of width w ≤ 2tw can be
computed in time 2O(tw) · n [51], and can be transformed into a nice tree-decomposition with
O(n) nodes in O(wn) time [14,50], we derive Theorem 1.

The dependence on n in the number of states of our algorithm comes from the fact that
we store the endpoints of paths (to verify the distances and ensure that pieces of paths are
coherent) and that these endpoints may lie anywhere in G. In the long version of this work,
we argue that we can improve the time bound of the algorithm to FPT by performing these
verifications without storing arbitrary endpoints, and derive Theorem 3.

4 Hardness with Respect to Pathwidth

In this section, we highlight a reduction showing that the Isometric Path Partition
problem is W[1]-hard when parameterized by the pathwidth (and hence treewidth) of the
input graph, thereby proving Theorem 2. The reduction is from Multicolored Clique,
which is W[1]-hard when parameterized by the solution size; see, e.g., [30, Chapter 13].

Multicolored Clique
Input: A graph G, an integer k, and a partition (V1, V2, . . . , Vk) of V (G) such that Vi is
an independent set and |Vi| = n, i.e., Vi = {vi

1, . . . vi
n}, for every i ∈ [k].

Question: Does there exist a clique in G containing one vertex from Vi for every i ∈ [k]?

Note that G has kn vertices. In an instance of Multicolored Clique, the sets
V1, . . . , Vk are called color classes, and the goal can be rephrased as deciding whether there
exists a multicolored clique in G.

4.1 Overview of the Reduction
The reduction takes as input an instance (G, k, (V1, V2, . . . , Vk)) of Multicolored Clique
and returns an instance (H, poly(n, k)) of Isometric Path Partition in polynomial time
where H is of polynomial size in k and n. The graph constructed has pathwidth O(k2).
For a better comprehension of the coming reduction, it is convenient here to interpret the
Multicolored Clique problem as selecting

(
k
2
)

edges in a way that this set is incident to
exactly one vertex of each set Vi.

The structure of H is organized as follows. For each 1 ≤ i ≤ k, there is a semi-grid Γi

that corresponds to the set Vi. A semi-grid has a grid-like structure with O(k) rows and O(n)
columns. See Figure 2 for an illustration. The columns of Γi correspond to the vertices in Vi.
Semi-grids are connected together via their left and right boundaries by gadgets encoding
edges, as shown in Figure 3: for each edge (u, v) with u ∈ Vi and v ∈ Vj , there is an edge
gadget that connects Γi and Γj on appropriate rows, whose indices depend on i and j.

To facilitate the analysis of the reduction, a number of cherries are part of the construction.
Recall that by Lemma 6, we can always assume an IP-partition of minimum cardinality to
contain such cherries. Once we made this assumption, there are only two relevant ways of
partitioning an edge gadget encoding (u, v) ∈ E(G):

Either we decide to partition the edge gadget optimally, i.e., by selecting four isometric
paths, as shown in Figure 5 (right). Choosing this red partition corresponds to not
selecting (u, v) in the Multicolored Clique solution. In this case, no other vertices
can be covered by such paths: we say that they are non-extendable.

WG 2026
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Figure 2 The final stage of the semi-grid used to represent the color class Vi in the reduction,
with i = 3 and k = 8 here. Each vertical path corresponds to a vertex in the set Vi. Each row will
be used to connect Vi to another color class Vj , j ̸= i, with edge gadgets encoding all the adjacencies
between Vi and Vj ; this is why no row is indexed 3 in Γ3, and that the number of rows is k − 1. Grid
cherries are depicted in purple.

Or, we decide to partition the gadget with five isometric paths, as shown in Figure 5
(left). Choosing this green partition corresponds to selecting the edge (u, v) in the
Multicolored Clique solution. Although this is not an optimal way to cover the
gadget, choosing the green partition has a strong benefit: paths emerging from the
gadget can penetrate inside semi-grids Γi and Γj to cover some vertices there, which
potentially reduces the number of paths needed to cover the semi-grids. Penetrating
inside semi-grids in that way, however, can only be done up to some column that is left
uncovered, and that is referred to as the crest in Figure 3. In the ideal scenario where the
instance of the Multicolored Clique problem is positive, almost all vertices of the
semi-grids are covered by the green paths emerging from a selection of edges, except for
the crest columns. For each semi-grid, this column corresponds to the vertex picked in
the Multicolored Clique solution, and can be covered using only one isometric path.

4.2 Reduction
In this section, we give the description of the reduction, that we break by subsections for
each gadget, and for the value of the solution size.

4.2.1 Semi-grids for Color Classes
Recall that k is the size of the partition of V (G) and n is the number of vertices in each
part. For every i ∈ [k], we add a structure that we call semi-grid, denoted by Γi, aimed at
representing the color class Vi, and that we shall define now. For convenience, we choose
to present it starting with a (k − 1) × (2n + 3) grid, and later specify edges to be deleted,
and subdivisions to be made. The following steps are better understood accompanied with
Figure 2 which depicts the resulting construction.

We start with a (k − 1) × (2n + 3) grid Γi (represented by fat black vertices in Figure 2)
where the k−1 rows are purposely labeled with integers in {1, . . . , i−1} and {i+1, . . . , k},
an indexing which will be convenient in the following. In other words, Γi should be
thought of as the k × (2n + 3) grid with rows labeled from 1 to k, and on which the row i

has been removed, and adjacent rows made connected, while keeping the initial indexing.
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The indexing of the columns is 0, 1, . . . , 2n + 2. Only the vertices in the leftmost and
rightmost columns of the semi-grid will be adjacent to external vertices. They are called
the left and right borders of Γi, and are denoted by ai

j ’s and bi
j ’s, respectively, with j

being the index of the row.
Each column of even index corresponds to a vertex in Vi. Formally, consider a labeling
{vi

1, . . . , vi
n} of the vertices of Vi. Then the (2p)th column corresponds to the vertex

vi
p for each p ∈ [n]. We refer to the (2p − 1)th column and the (2p + 1)th column as

the left-padding and right-padding of vi
p, respectively. Note that the left-padding of vi

1
is the second column, which is distinct from the left border, and analogously for the
right-padding of vi

n which is distinct from the right border. The right-padding and
left-padding of consecutive vertices coincide.
We delete all the vertical edges of the grid both whose endpoints are not in the (2p)th

column for some p ∈ [n]. In other words, the only vertical paths we keep are those in the
columns corresponding to vertices of Vi.
We subdivide the edges incident to the border k times. Formally, the reduction replaces
each such edge with a path with k internal vertices. We consider all the new columns
obtained in the semi-grid as “virtual columns” and consider that this change does not
affect the indexing of the columns, for convenience. This allows us to denote the column
corresponding to vertex vi

p as the (2p)th column instead of the less intuitive notation of
“(2k + 2p)th column”. The role of such vertices is to ensure that vertical paths of the grid
will stay isometric even after the vertices of the left and right border are made adjacent
to the vertices of edge gadgets.
Finally, for each “cell” defined by two consecutive rows and two consecutive columns of
the obtained grid-like structure, we add a cherry and connect its middle vertex to the
four vertices lying at the intersection of these rows and columns. We do the same at
the left of the first column (of index 2p) by considering as a cell the two vertices of the
column plus the last two subdivided vertices. We proceed analogously at the right of the
last column. The goal of these cherries is to force isometric paths to be either horizontal
or (almost) vertical in the obtained semi-grid. We call these cherries grid cherries; note
that there are (n + 1) · (k − 2) such cherries.

4.2.2 Encoding Edges
Consider an edge (vi

p, vj
q) of G where i ≠ j ∈ [k] and p, q ∈ [n]. We start describing the

part of the edge gadget that will later be attached to each of Γi and Γj and that we call
left and right cables. In the following, let us define N := 2n2. The following steps are better
understood accompanied with Figure 3.

We start by creating a simple path (z0, x0, x1, . . . , xℓ) that we call left cable of (vi
p, vj

q)
with respect to Γi, where ℓ = N − 2p − k. Note that this value corresponds to N minus
the distance of the column of vi

p from the left border of Γi. We say that ℓ is the length,
z0 is the core, and xℓ is the open end of the cable.
We create a second simple path (z′

0, x′
0, x′

1, . . . , x′
ℓ′) that we call right cable of (vi

p, vj
q) with

respect to Γi, this time with value ℓ′ = N − 2(n − p + 1) − k. Note that the value ℓ′

corresponds to N minus the distance of the column of vi
p from the right border of Γi.

We create the left cable (z′′′
0 , x′′′

0 , x′′′
1 , . . . , x′′′

ℓ′′′) and the right cable (z′′
0 , x′′

0 , x′′
1 , . . . , x′′

ℓ′′) of
(vi

p, vj
q) with respect to Γj analogously, with i replaced by j, and p replaced by q.
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Γi

x′
ℓ′

vip

k + 2p− 1

crest column

Γj

x′′
ℓ′′

vjqk + 2q − 1

k + 2(n− p+ 1)− 1

xℓxℓ−1
x′
ℓ′−1

x′
0x1x2 z0 z′0

z′′′0 z′′0 x′′
0

x′′′
0

yℓ−1

y1

y′ℓ′−1

y′′ℓ′′−1

y3

x′′′
ℓ′′′

crest column

x0

⟨N − 1⟩

⟨N − 1⟩

⟨N − 2⟩
⟨ℓ⟩⟨ℓ− 1⟩

⟨ℓ′ − 1⟩
⟨ℓ′ − 2⟩

⟨1⟩

⟨1⟩

⟨2⟩

⟨2⟩

x′′′
1

x′
1

x′′
1

left-padding

Figure 3 The edge gadget encoding an edge between two color classes. The start cherries are
depicted in blue, the core cherries in green, the distance twin-cherries in pink, and the crossing
cherries in orange. All these cherries can be assumed to be part of any minimum IP-partition by
Lemmas 6 and 7, and hence may intuitively be omitted when analyzing the shape of other isometric
paths. The distances from x0 are depicted between brackets in blue; note that x0 is equidistant to
its crest column and its left-padding.

Note that the left and right cables associated with Γi may only differ by their length,
which is determined by the distance of vi

p from the left and right border of Γi. This distance
is set so that x0 lies at distance N − 1 from the left padding of vi

p, and analogously for x′
0

which lies at distance N − 1 from the right padding of vi
p. This pth column is called the crest

of Γi with respect to (vi
p, vj

q), and analogously for the crest of Γj with respect to (vi
p, vj

q).
We connect these four cables by adding the edges z0z′

0, z′
0z′′

0 , and z′′
0 z′′′

0 that we call core
edges. The obtained path (z0, z′

0, z′′
0 , z′′′

0 ) will be called the core path in the following.
To these cable and core edges, we add four types of cherries and twin-cherries, defined as

follows. Note that these extra vertices will be assumed to be part of any optimal IP-partition
thanks to Lemmas 6 and 7, hence, they should be considered as gadgets whose role is
to modify the distances in the graph, without changing the “structure” of the remaining
isometric paths.

First we add a start cherry, in blue in Figure 3, whose middle vertex is adjacent to
x0, x′

0, x′′
0 , and x′′′

0 . The role of this cherry will be to simplify the analysis by ensuring
these adjacent vertices to lie in distinct isometric paths of a minimum IP-partition.
Then we add core cherries, in green in Figure 3, as follows. The left one has its middle
vertex adjacent to the core vertices z′

0, z′′
0 as well as to x1 and x′′′

1 . The right one has its
middle vertex adjacent to the core vertices z0, z′′′

0 as well as to x′
1 and x′′

1 . The role of
these cherries will be to force that cables cannot be isometrically extended using the core
of another cable.
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Then, we add a twin-cherry as follows: we create a path y1, . . . , yℓ−1 with y1 adjacent
to z0, yℓ−1 adjacent to xℓ, and add two leaves to each of y1 and yℓ−1. We call this
twin-cherry the core twin-cherry of the left path of (vi

p, vj
q) with respect to Γi. This

is depicted in pink in Figure 3. The role of this twin-cherry is to make z0 equidistant
to xℓ−1, xℓ. We define the twin-cherry of the right path of (vi

p, vj
q) with respect to Γi

analogously, and do the same for the left and right paths of (vi
p, vj

q) with respect to Γj .

Finally, we add a crossing cherry, in orange in Figure 3, whose middle vertex is adjacent
to y3 and y′

3, and call it the crossing cherry of (vi
p, vj

q) with respect to Γi. We define the
crossing cherry associated to (vi

p, vj
q) with respect to Γj analogously. The role of these

cherries is to make x0 at distance N − 1 from its associated crest column, so that it
becomes equidistant to both this column and its left-padding.

This concludes the construction of an edge gadget for edge (vi
p, vj

q). We connect it to the
appropriate semi-grids by identifying open ends of the paths with the vertices in the borders
of the semi-grids Γi or Γj , depending on whether they are left paths, or right paths. More
formally, we identify xℓ with vertex ai

j , and x′
ℓ′ with vertex bi

j . Then we do the same for Γj

by identifying x′′′
ℓ′′′ with vertex aj

i , and x′′
ℓ′′ with vertex bj

i ; see Figure 3.
Let us stress the fact that one such edge gadget is added for each single edge (vi

p, vj
q)

between Vi and Vj , and that all such gadgets are thus attached to the same jth row of Γi,
and to the same ith row of Γj , via their open ends. In particular, open ends separate each
edge gadget from the other gadgets and the associated semi-grid. In the following, we call
inner vertices of an edge gadget the vertices of the edge gadget that are distinct from its
open ends.

4.2.3 Valve Cherries

For each semi-grid Γi, we add two valve cherries: one on the left of the semi-grid, and one
on the right. See Figure 4 for an illustration. The middle vertex of the left cherry is made
adjacent to xℓ−2 and xℓ−1 in every edge gadget attached to the left border of the semi-grid.
The middle vertex of the right cherry is made adjacent to x′

ℓ−2 and x′
ℓ−1 in every edge gadget

attached to the right border. We argue in the long version of this work that the valve cherries
prevent isometric paths to intersect distinct edge gadgets under additional assumptions.

Γi
aij

x2
ℓ−1x2

ℓ−2

x1
ℓ−1x1

ℓ−2

Figure 4 Valve cherries attached to the edge gadgets attached to a border of a semi-grid, here
the left border. With the notation x1

ℓ−2 we mean the vertex xℓ−2 in the edge gadget of e1.
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4.2.4 Solution Size

The reduction sets k′ = k · (n + 1) · (k − 2) + 23 · |E(G)| +
(

k
2
)

+ k + 2k and returns (H, k′) as
an instance of Isometric Path Partition.

We present an informal justification for the above value of k′. The first additive term
corresponds to the number of grid cherries that are found in the semi-grids. The second
term corresponds to the number of paths used to partition the vertices in edge gadgets,
19 of which will consist of cherries and twin-cherries. The third term corresponds to the
number of selected edges: here, the partition needs to spend an extra isometric path for
each selection. A path from the selected edges can be extended to partition almost all the
vertices in the semi-grid except for their crest. If selected edges correspond to a multicolored
clique in G, then the solution can partition the remaining crest vertices in semi-grids using k

vertical isometric paths, which corresponds to the fourth additive term. The last additive
term corresponds to the valve cherries.

Relying on properties that are deferred to the full version of this paper, we obtain
that (H, k′) is a Yes-instance of Isometric Path Partition if and only if (G, k) is a
Yes-instance of Multicolored Clique. Moreover, the graph H has pathwidth O(k2). We
conclude to Theorem 2, noting that the graph (H, k′) can be computed in polynomial time
given an instance of Multicolored Clique.

Γi

x′
ℓ′

vip

k + 2p− 1

crest column

Γj

x′′
ℓ′′

vjqk + 2q − 1

k + 2(n− p+ 1)− 1

xℓxℓ−1
x′
ℓ′−1

x′
0x1x2 z0 z′0

z′′′0 z′′0 x′′
0

x′′′
0

yℓ−1

y1

y′ℓ′−1

y′′ℓ′′−1

y3

x′′′
ℓ′′′

crest column

x0

⟨N − 1⟩

⟨N − 1⟩

⟨N − 2⟩
⟨ℓ⟩⟨ℓ− 1⟩

⟨ℓ′ − 1⟩
⟨ℓ′ − 2⟩

⟨1⟩

⟨1⟩

⟨2⟩

⟨2⟩

x′′′
1

x′
1

x′′
1

Γi

x′
ℓ′

vip

k + 2p− 1

crest column

Γj

x′′
ℓ′′

vjqk + 2q − 1

k + 2(n− p+ 1)− 1

xℓxℓ−1
x′
ℓ′−1

x′
0x1x2 z0 z′0

z′′′0 z′′0 x′′
0

x′′′
0

yℓ−1

y1

y′ℓ′−1

y′′ℓ′′−1

y3

x′′′
ℓ′′′

crest column

x0

x′′′
1

x′
1

x′′
1

⟨ℓ⟩⟨ℓ⟩

⟨3⟩ ⟨2⟩

⟨ℓ− 1⟩

⟨1⟩

⟨3⟩

Figure 5 On the left, in green, four extendable paths and one core path partitioning all the
vertices of an edge gadget, but those in cherries and twin-cherries. On the right, in red, four
non-extendable paths partitioning the vertices that are neither open ends, nor part of a cherry or of
a twin-cherry. (The distances from x0 are depicted between brackets in blue, and those from z0 are
depicted between brackets in red.)

5 Lower Bound w.r.t. Pathwidth and Diameter

In this section, we briefly describe a reduction showing that Isometric Path Partition
does not admit an algorithm running in time O(diamo(pw2/ log3(pw))), unless the Randomized
ETH fails. This reduction is from a variant of Sparse 3-SAT that has been introduced by
Gourvès et al. [42] and that we state here.
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Sparse 3-SAT (variant)
Input: An integer n which is a perfect square, and a 3-SAT formula with at most n vari-
ables and at most n clauses such that each variable appears in at most 3 clauses. Moreover,
a partition {V1, . . . , V√

n} of the set of variables V and a partition {C1, . . . , C√
n} of the

set of clauses C such that each part is of size at most
√

n and for every i, j ∈ [
√

n] the
cardinality of the set {(x, c) : x ∈ Vi, c ∈ Cj , x ∈ c} is at most 1.
Question: Does there exist a satisfying assignment of the formula?

In [42] is shown that unless the Randomized ETH fails, Sparse 3-SAT (without the last
constraint on the cardinality) does not admit an algorithm running in time 2o(n). (The fact
that hardness still holds for our variant is argued in the long version of this work.)

A1

A2

A3

C ′
−1 C ′

0 C ′
1 C ′

2C ′
−2 C ′

3 C ′
4

distance
modulator
from A1 to

C ′
1

Clause gadget

Assignment-selector gadgets

y1

y2

y3

z1

z2

z3

Figure 6 A schematic diagram of the reduction where
√

n = 3. The assignment-selection paths
are shown in purple, blue and red. and their left endpoint corresponds to the assignment chosen.
For each of them, the vertices covered on C′

1, . . . , C′√
n are the clauses satisfied by this assignment.

Distance modulators prevent an assignment-selection path to cover a clause that is not satisfied by
the corresponding assignment.

The reduction takes as input an instance (ϕ, {V1, . . . , V√
n}, {C1, . . . , C√

n}) of Sparse
3-SAT, runs in time 2O(

√
n), and returns an instance (Gϕ, k) of Isometric Path Partition

where k = 2O(
√

n) as depicted in Figure 6. The pathwidth and diameter of Gϕ are O(
√

n log n)
and O(

√
n), respectively. Altogether, these bounds imply that Isometric Path Partition

does not admit an O(diamo(pw2/ log3(pw)))-time algorithm, unless the Randomized ETH fails.
The graph of the reduction consists of three parts: the assignment gadget that encodes

the possible assignments of the variables, a clause gadget that contains a vertex for each
clause, and distance modulator gadgets that encode the formula.

For each variable group Vi, the assignment-selector gadget Ai consists of vertices cor-
responding to the 2

√
n possible (partial) assignments of the variables in this group. We

refer to the long version of this work for details on this assignment-selector gadget. It is
designed in a way that only one path can leave the gadget. Altogether, these

√
n paths,

called assignment-selection paths, encode an assignment of the variables.
The clause gadget consists of a chain of

√
n sets C ′

1, . . . , C ′√
n

each representing a clause
set, together with four additional sets C ′

−2, C ′
−1, C ′

0 and C ′√
n+1 that will force some properties

on isometric paths. Each of these sets consists of
√

n vertices, and each clause of the formula
is associated to one of these vertices. The assignment gadget is connected to the clause
gadget in a way that the assignment-selection paths need to traverse all the sets C ′

1, . . . , C ′√
n
,
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ideally, covering all clause vertices on the way. To force an assignment-selector path to only
cover clauses that are satisfied by the corresponding assignment, we rely on the fact that
these paths must be isometric. To do this, we add distance modulator gadgets that shorten
by 1 the distance between assignments vertices and clauses not satisfied by this assignment.

To ensure that distance modulators only act as a metric-changer and not as an alternative
way for the assignement-selector paths, we use a number of cherries as in Section 2.

6 Conclusion

We studied the parameterized complexity of Isometric Path Partition, proving that it
admits an XP-algorithm but is W[1]-hard when parameterized by treewidth (and pathwidth).
This complements results from [33] and [34], and answers open questions mentioned therein. In
addition, we obtained an FPT algorithm (with running time diamO(tw2) ·nO(1)) parameterized
by diameter and treewidth, and proved a conditional randomized randomized-ETH-based
lower bound that differs from the algorithm running time only by a poly-logarithmic factor
in the exponent. As noted before, this type of running time is relatively rare in the literature,
even among metric-based problems. Our results shows that Isometric Path Partition
behaves more like other metric-based problems with respect to treewidth and diameter, as
opposed to its non-metric counterpart (Path Partition, see [39]). Nevertheless, its precise
behavior is unique among such metric-based problems, rendering its study interesting.

As a future research question, we wonder whether the problem is FPT or W[1]-hard
when parameterized by solution size k. Recall that there is an algorithm running in time
f(k) · nO(k) [33], and that the treewidth is upper-bounded by a function of k in any Yes-
instance [33]. Note that the analogous problem is known to be W[1]-hard for k on DAGs [34],
but the authors reported being unable to prove the analogous result for undirected graphs.

Another interesting question is whether Isometric Path Partition becomes FPT for
treewidth on planar graphs. This question has been raised for other metric-based problems
such as Metric Dimension [16], and remains open there as well.
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