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Abstract. The path cover problem is a natural graph covering problem
that generalizes the Hamiltonian path problem. Given an input graph,
it requires to find a minimum-size set of (not necessarily disjoint) paths
that cover all the vertices of the graph. In this paper, we give two lower
bounds for the path cover number in general graphs and show that they
are tight for some graph classes. The second bound uses block-cut trees,
a structure that highlights the tree-likeness of the graph. For outerplanar
graphs, we use block-cut trees to design a linear-time algorithm for the
path cover problem. There already exists a polynomial-time algorithm
based on dynamic programming over a tree-decomposition [Foucaud et
al., CALDAM 2025] that provides a polynomial-time algorithm for out-
erplanar graphs, but the exponent is huge.
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1 Introduction

In the context of graph algorithms, the aim of covering problems is to fully
or partially cover the vertices or edges of a given graph. In the case of path
covering problems, the graph is required to be covered via paths. (We will use
the term path to denote simple paths only.) For a given simple undirected graph
G = (V,E), in the path cover problem, it is asked to find a minimum sized set
of paths such that each vertex of the graph lies on at least one path in this
set. The cardinality of a minimum path cover is called the path cover number of
the graph. The case when the paths are required to be vertex-disjoint is called
the path partition problem. Though this version is also termed as path cover
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in some papers, we reserve the name path partition for vertex-disjoint path
cover throughout our work. Here, by the term path cover we will always mean a
collection of paths (which need not be vertex-disjoint) that cover all the vertices
of the graph (adopting the notation of [17]).

Definition 1. Given a graph G = (V, E), a path cover is a set P of paths in G
(not necessarily vertex disjoint) such that for every vertex v € V there ezists a
path P € P containing v. The cardinality of a minimum-size path cover is called
the path cover number of the graph and is denoted by w.(G).

We give lower bounds for the path cover number for arbitrary graphs and
identify some graph classes that reach these bounds. The class of outerplanar
graphs is a well-studied tree-like graph class, where the path cover number can
be strictly larger than our given bounds. Our aim is to study the computational
complexity of the path cover problem in this class from an algorithmic perspec-
tive. We use the concept of block-cut tree to provide one lower bound and to
design an algorithm.

Related Work. Although the path partition problem has been extensively stud-
ied in the literature, the path cover problem is less explored. There are numer-
ous applications of the path cover and path partition problems in software
testing, bio-informatics, code optimization, database design, VLSI design, and
parallel architecture [1,4,18]. The decision version of the path cover problem
is NP-complete by reduction from the Hamiltonian path problem. Hence, the
path cover problem is NP-hard for all the graph classes for which the Hamilto-
nian path problem is so, for example planar graphs, chordal graphs, bipartite
graphs, chordal bipartite graphs, strongly chordal graphs, etc. [17]. There exist
polynomial-time algorithms for the path cover problem for trees and graphs
with bounded treewidth [12], block graphs [10] and cographs [16]. For graphs
of bounded treewidth at most ¢, the algorithm from [12] runs in time n(19)"
(which places it in the XP complexity class when parameterized by t) and it is
suspected in [12] that perhaps no algorithm running in time f(¢)n®M (that is,
in FPT time for parameter t) exists, but this remains open.

The path cover problem for directed acyclic graphs has been explored in
[4]. The version in which the edges of the graph are to be covered has also
been explored, where upper bounds on the minimum number of paths have been
studied [7]. For covering all the edges of a graph with a minimum number of
paths (not necessarily edge-disjoint), some bounds have been given in [13] using
the cycle rank of the graph. Other variants of path cover, such as induced path
cover [8], isometric path cover [9], identifying path cover [11], etc., have been
studied, see the survey [17]. The path partition problem is well-studied in the
literature [15,17,19,20,23], including for outerplanar graphs [21].

Our Results. In this paper, we first give a lower bound for the path cover number
for arbitrary graphs and characterize some graphs for which this lower bound is
tight. Although several bounds on path partition were studied, the path cover
problem has not been explored much in this regard. In [10], some lower bounds
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on path cover number were studied for some specific graph classes, using the
notion of scattering number of a graph. We give another lower bound for the
path cover number for general graphs using the block-cut tree structure. Similar
ideas have been used in the PhD thesis [10] to provide an algorithm for solving
the path cover problem in block graphs.

In [12], polynomial-time algorithms of the path cover problem for trees and
bounded treewidth graphs were studied. Since outerplanar graphs have treewidth
at most 2, the results of [12] provide a polynomial-time algorithm to solve the
path cover problem for this class. But the time complexity of that algorithm is
very high: ntow, where ¢t is the treewidth. We give a linear-time algorithm for
the path cover problem on outerplanar graphs using the properties of block-cut
trees and biconnected outerplanar graphs.

Preliminaries. Let G = (V, E) be a simple undirected connected graph.

A cut-verter of G is a vertex v of G such that deleting it (and its incident
edges) will result in at least two non-empty disjoint connected components. These
obtained connected components are known as cut components for v.

Assume U = {uy,ua,...,ux} CV (where k < n = |V]) is the set of all cut-
vertices of G; hence deg(u;) > 2 for all ¢ € {1,2,...,k}, where deg(u;) denotes
the degree of the vertex w; (i.e., the number of vertices adjacent to u; in G). We
use p(u;) to denote the number of cut components for w;.

Block-cut Tree of a Graph. A block, also known as a biconnected component, of a
graph G is a maximal biconnected subgraph of G. Let G = (V, E) be a connected
graph. Observe that two blocks of G can share at most one common vertex, which
is a cut-vertex. Using this observation, we construct a tree T = (Vr, Er), called
the block-cut tree of the graph G, as follows (See Fig. 1):

it

Fig.1. A graph G and its block-cut tree Tg

(i) For every block B; of G, create a vertex b; € V. Note that a cut edge (i.e.,
an edge not contained in any cycle) of G will also be considered by us as a
block.

(ii) For every cut-vertex u; of G, we create a vertex u; € V.

(iii) Whenever two blocks B; and Bj share a common cut-vertex u; € V, we put
two edges (b;, ), (bj,u) € Er.
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Block-cut trees have been well-studied in the literature [3,5,14].

Lemma 2 ([14]). A block-cut tree of a connected graph can be constructed in
linear time.

2 Lower Bounds for General Graphs

Let G be a connected graph, U and p(u;) are as defined earlier. Observe that at
least one path P (say) is required to cover the vertices of G. Hence, 7.(G) > 1.
Now, each vertex of U may be covered by this path. But then for a fixed u; in
this path P, the vertex preceding u; and post u; will lie in at most two different
components among the p(u;) components corresponding to u;. So, the path P
can cover the vertices of at most two components among the p(u;) components
corresponding to each w;. So, there are still at least Zle{p(ui) — 2} vertices
which are not covered by P. This indicates the following result:

Lemma 3. Let P’ be a path of G. Then there are at least Zle{p(ui) -2}
vertices of G that are not covered by P’.

Proof. For a cut-vertex u; € U and a path P’ in G, P’ intersects at most two com-
ponents corresponding to u;. Since the only cut-vertices of G are uy,us, ..., ug,
the result follows. O

The above lemma gives a lower bound on the path cover number as follows.

Theorem 4. For any graph G, we must have 7.(G) > 1+ [ww

Proof. Let Py, P, ..., P3 be a path cover of G. By Lemma 3, at least Zle{p(ui)

—2} vertices, which all belong to different blocks of G, are not covered by P;.

Note that any other path P;, ¢ > 1, may cover vertices from at most two distinct

blocks among these Zle{p(ui) — 2} blocks in G. Hence, in order to cover the
2 N

vertices uncovered by P;, we need at least [M—‘ < B — 1 additional

paths, and the result follows. a

2.1 Graphs Attaining the Lower Bound

Now, we study some graph classes for which the path cover number is equal to
the lower bound given in Theorem 4. We know that a graph G has a Hamiltonian
path if and only if 7.(G) = 1. So, from Theorem 4, we have the following.

Proposition 5. Any graph with a Hamiltonian path reaches the bound.

Next, consider the class of trees. From [12], we already know the following
result.

Theorem 6 ([12]). An optimal path cover of a tree with ¢ leaves can be found

i linear time and it has size bw
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The proof of the fact that the size of a minimum path cover of a tree is [é]
was earlier shown in [13].

Here, we show that for a tree, the path cover number is equal to the lower
bound.

Proposition 7. Let T be a tree with n vertices, among which there are £ leaves.
k ) —

Then we have [£] = m.(T) = 1+ [M], where U = {uy,...,ug} is

the set of all cut-vertices of the tree T.

Proof. Since T is a tree with n vertices and ¢ leaves, all n — ¢ non-leaf vertices
are cut-vertices; thus k = n — £. Also, p(u;) = deg(u;) for all u; € U.

Now, 2(n—1) ={+ Ele deg(u;) = 2n—2=n—-k+ Zle plu;)
— n—k—2==2k+37 plw) = (—2=30 {p(u) -2}

’?7 WUy -2 ,]-67 U -2
— [%_ﬂ:[zl_l{/ﬂ; ) }1 — |’§~|:1+|—ZL_1{p2( ) }1 O

Proposition 8. Let T be the block-cut tree of a connected graph G. If each
block of G contains at most two cut vertices, each block containing two cut ver-
tices has a path between its two cut vertices that covers all other vertices of that
block, and each block containing one cut verter has a path starting at the cut
vertex and covering all other vertices of that block, then the graph G reaches the
lower bound given in Theorem 4.

Proof. By Theorem 6, there is an optimal path cover PT of T of size [5, where
£ is the number of leaves of T¢.

Note that there is a path associated to each block of G that covers all the
vertices of that block. These associated paths have one or both endpoints at
the cut-vertices depending on whether the corresponding blocks contain one or
two cut vertices. For each path of PT, construct a path in G by following its
trajectory, replacing the ;’s by the corresponding cut vertex u;’s and the b;’s
by the path associated to the corresponding block B;’s. Thus, we obtain a path
cover of G of size [£].

Let degp (v) denote the degree of the vertex v in the graph H. Then, using
the notations from the definition of a block-cut tree T, we have
S vevy degry (v) = 2(Ve| 1) = £+ 5 degr, (i) + 2(|Vel — € — k)
= (=243 {degr, (i) 2} = £=2+3 {p(w;) -2}

— |’%‘| =14 |’Ei=1{p2(1h)_2}‘|
Hence, the result follows. a

Remark 9. There exist graphs for which the path cover number is strictly larger
than the bound of Theorem 4. For an example, consider the block graph G in
Fig. 2; here m.(G) = 3 > 2 = 1 + [23£07],
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G

Fig. 2. A graph G with 7.(G) = 3.

G G

Fig. 3. For the graph G, no edge of its block B is covered by the optimal path cover
shown by blue paths. (Color figure online)

2.2 Lower Bound for General Graphs Using Their Block-Cut Tree
Let G be a connected graph with block-cut tree T;. Then we have the following.
Lemma 10. 7.(Tg) < 7.(G).

Proof. Let P be an optimal path cover of G. Any path of P may or may not
cover all the edges of the block(s) in which its two endpoints lie. We first modify
the paths of P to construct another optimal path cover P’ such that each path
of P’ covers at least one edge of the block(s) in which its two endpoints lie.

Now, consider the blocks in G. For a block of G, the paths in P’ may cover
some edges of it or may not cover any edge of the block (See Fig.3). We first
find all those blocks in G for which no edge is covered by the paths of P’. Note
that all the vertices of such a block must be cut vertices. Let (u;,u;) be an
edge of such a block. Since P’ is a path cover, the vertices u; and wu; will be
covered by at least two different paths Pj(= P u;P] ), Py(= Pyu;Py ) (say) of
P’. We can modify the paths Py, P; to obtain two new paths P;’ = Pj u;u; P,
and Py = P w;ujP; so that the paths P[’, Py cover all the vertices and edges
covered by Pj, P as well as the edge (u;,u;) (See Fig.4). Using this method a
linear number of times, we construct another optimal path cover P” such that
the paths in P” cover at least one edge of the block(s) in which their endpoints
lie, as well as cover at least one edge of each block of G.

From this optimal path cover P” of G, we construct a path cover of Tg.
A path Pg of P” starts at some block B,, of G, covers some vertices of that
block, and enters into another block B,, (say) through a cut vertex u,, ., (say)
which is shared by B,, and B,,, and continues similarly. It finally ends at some
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G G

Fig. 4. The modified paths P;’ (in green) and P;’ (in brown) cover the edge (u;,u;).
(Color figure online)

block B, covering some vertices of this block. For such a path Pg, we get a
corresponding path by, @ig, 2,0z, - - - be, in Tg by following the trajectory of Pg
in G. Thus, we get a set Pr (say) of |P”| = n.(G) many paths in Tg. Due to
the construction procedure of P”, the paths of Pr will cover all the vertices of
Ta. O

Lemma 10 gives a lower bound for the path cover number in general graphs.

Theorem 11. For a graph G = (V, E), if Tg is its block-cut tree and ¢ is the
number of leaves of T, then m.(G) > [£].

A graph is called a block graph if each of its blocks is a clique. The path cover
number is equal to the lower bound given in Theorem 11 for trees, graphs having
a Hamiltonian path, and block graphs (the latter can be deduced from analyzing
the PhD thesis [10]). The sketch of an algorithm to find a minimum path cover
of a block graph was also given in [10]. Analyzing this algorithm shows that it
runs in linear time.

O——0O——0

G Te

Fig. 5. A graph with path cover number strictly greater than the lower bound given
using the block-cut tree.

Remark 12. There are graphs with path cover number strictly greater than the

lower bound given in Theorem 11. See Fig.5, where m.(G)(= 2) > 1 = [4],

where ¢ is the number of leaves of the block-cut tree of the graph G.
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3 A Linear-Time Algorithm for Outerplanar Graphs

We now show that block-cut trees can also lead to a linear-time algorithm to
determine optimal path covers of outerplanar graphs. The algorithm is more
involved than the one for block graphs [10], because the path cover number of
an outerplanar graph is not necessarily equal to the one of its block-cut tree, as
seen in Fig. 5.

3.1 Lower Bound for Path Cover Number in Outerplanar Graphs

Let G = (V, E) be a connected outerplanar graph. We can construct the block-
cut tree T of the graph G in linear time using Lemma 2. Let us call the vertices
of Tz that correspond to the blocks in G the block vertices.

We distinguish between three types of block vertices in T¢, namely (i) degree
1 block vertices; we call them leaf block vertices, (ii) degree 2 block vertices, and
(iii) degree > 2 block vertices. The corresponding blocks of types (i), (ii), and
(iii) in G are called Type-1 blocks (or leaf blocks), Type-2 blocks, and Type-3
blocks, respectively. The vertices of T corresponding to the cut vertices of G
are called (with slight abuse of the nomenclature) cut tree vertices.

Each Type-2 block in G has exactly two cut vertices. For each such block, we
check whether there exists a path that covers all the vertices of that block and
whose endpoints are the two cut vertices of that block. If no such path exists
for a Type-2 block, we mark that block as a special block. The corresponding
degree 2 block vertex in T is called a special block vertex. Since each Type-2
block of G is a biconnected outerplanar graph G’, finding the mentioned path
is equivalent to finding a Hamiltonian path of G’ with two specified endpoints,
which can be done in linear time using standard treewidth-based techniques [2, 6],
as outerplanar graphs have treewidth at most 2. Hence, finding all special blocks
of G can be done in linear time.

Construction of the Tree T from the Block-cut Tree Ti: From each leaf
block vertex of T, move towards the interior of the tree T following the path
consisting of only the degree 2 cut tree vertices and the degree 2 block vertices
(excluding the special block vertices). This process will lead to encounter exactly
one of the following four cases: (i) a degree > 2 block vertex, (ii) a degree > 2
cut tree vertex, (iii) a special block vertex, or (iv) another leaf block vertex.
Stop when for the first time one of these four cases is encountered. If in this
process, while stopping, case (iii) i.e., a special block vertex is encountered, then
we name that special block vertex a bad block vertex. So, in linear time, we can
find all bad block vertices'. Then, in Ty, a dummy leaf vertex is added to each
bad block vertex. The tree obtained after adding all the dummy leaf vertices is
called T¢y (See Fig. 6 for an example).

Lemma 13. 7.(G) > 7.(T¢).

1 After this process, there may remain special block vertices that are not bad. So,
every bad block vertex is special, but in general the converse need not be true.
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~<¢—— Special
block
Special block vertex Special block vertex
Tc
Bad block vertex
/ /\ \

. _
Special block ———#>

Dummy leaf vertex
as well as
bad block
Ta

G

Fig. 6. An outerplanar graph G, its block cut tree T and its corresponding Ta. (Color
figure online)

Proof. Given an optimal path cover of G, we will construct a path cover of T of
the same size. Let P be an optimal path cover of G. By the method used in the
proof of Lemma 10, we construct another optimal path cover P” of G such that
the paths in P cover at least one edge of the block(s) in which their endpoints
lie, as well as cover at least one edge of each block of G.

From P”, we will construct a path cover of T consisting of [P”| = |P| many
paths. A path Pg € P” begins from some block B,, of G, covers some vertices
of that block, and enters into another block B,, (say) through a cut vertex us, .,
(say) which is shared by B, and B,,,, and continues in a similar way. It ends at
some block B, after covering some vertices of this block. For such a path Pg,
a corresponding path by, Uz, z,bz, - - - by, in Te is constructed by following the
trajectory of Pg in G. In this manner, we obtain a set Pr (say) of [P"| = .(G)
number of paths in T. The properties of P” ensure that the paths of Pr will
cover all the vertices of Tt except the dummy leaf vertices.

For a dummy leaf vertex, consider its corresponding bad block vertex. If there
is a path in Pr whose one endpoint is this bad block vertex, we extend that path
to cover the dummy leaf vertex. Otherwise, due to the definition of bad block,
there exist at least two paths in Pr passing through the bad block vertex. One
of these paths can be extended to cover the branch of Te emerging from the bad
block vertex containing only one leaf block vertex, and the other path can be
extended to cover the dummy leaf vertex?. Thus, we get a set of m.(G) number
of paths in T¢: which cover all the vertices of T¢. Hence, the result follows. O

2 Note that in T¢, the bad block vertex has three branches emerging from it; one
containing only the dummy leaf vertex, one containing only one leaf block vertex,
and another containing one or more leaf block vertices.
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3.2 The Algorithm

An optimal path cover of a connected outerplanar graph G is computed in two
steps: (i) Finding an optimal path cover of T satisfying some required properties
and (ii) Constructing a path cover of G from the computed path cover of Tg.

(i) Optimal Path Cover of Te: Without loss of generality, assume that Te
contains at least two vertices of degree > 3. From each leaf vertex of TG?’, move
towards the interior of T¢; through the path consisting of only degree 2 vertices
of T¢; and stop as soon as a vertex of degree > 3 is encountered. Label this degree
> 3 vertex as truncating vertex. In linear time, all the truncating vertices can
be found. Also, find a truncating vertex having the least degree in Tz among all
truncating vertices; and name it special truncating vertex.

Consider all the branches of Tg; emerging from a truncating vertex. Some
of these branches contain only degree < 2 nodes, name them as truncating
branches. For each truncating vertex (including the special truncating vertex),
we find the corresponding truncating branches. Now, removing all the truncat-
ing branches from Tg; we obtain a tree 7 (say). Observe that a leaf of 7 is a
truncating vertex of T, ¢ and vice versa. Now, there are two cases:

Case-1: The number of leaves of T is odd: In this case, consider the leaf of 7°
which was the special truncating vertex of T¢;. In 7, starting from this leaf, move
towards the interior of 7 through the path consisting of only degree 2 vertices
of 7 and stop as soon as a vertex with degree > 3 in 7 is encountered; name
this vertex trimming branch root and the branch trimming branch. Delete this
traversed branch (trimming branch) from 7. Thus, we get a subtree of 7 with
even number of leaves; name it 7.

Now, find an optimal path cover C’ of 7’ in linear time using the algorithm
from [12]. Extend the paths (if required) so that their endpoints are leaves of
T'. Let the optimal path cover thus obtained be denoted by C”.

Now, consider the tree 7. Take two copies of each path of C” in 7. Since
the trimming branch root has degree at least 2 in 77, two copies of some path
P, (say) of C"” will pass through it. Take one copy of the path P,, cut this path
at the trimming branch root and use the two pieces to form two paths P,, and
P,, both of which cover the trimming branch* (See Fig.7 for an example of
the mentioned construction for a tree T where the corresponding 7 has odd
number of leaves). Thus, we get a collection of 2|C”| + 1 paths such that each
vertex of 7 is covered at least twice by these paths and each leaf of 7 is endpoint
of exactly two paths.

Case-2: The number of leaves of T is even: In this case, find an optimal path
cover C of 7 in linear time using the algorithm from [12]. Extend the paths (if
required) so that their endpoints are leaves of 7. Let the optimal path cover
thus obtained be denoted by C*. Take two copies of each path of C*. Hence, we

3 By the leaf vertices of fG, we mean both the original leaf vertices as well as the
dummy leaf vertices of T¢.
4 The trimming branch contains the special truncating vertex as one of its endpoint.
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special
—p truncating
vertex

trimming
branch
root

A

Fig. 7. (a) Truncating vertices (marked in blue) of a tree Tg, (b) the corresponding
7 with odd number of leaves, (c) the path cover C” of the corresponding 7", (d) two
copies of each path of C" in 7, (e) a collection of 2|C”| 4 1 paths that cover each vertex
of T at least two times.(Color figure online)

obtain a collection of 2|C*| paths such that each vertex of 7 is covered at least
twice by these paths and each leaf of 7 is endpoint of exactly two paths.

Next, in 7, add the deleted (truncating) branches to get back T¢. Extend the
paths ending at each truncating vertex to cover as many of the added branches as
possible. After extending all such paths, some added branches may still remain
uncovered. If there are [ many uncovered branches, then they are covered by
[1] many paths which can be found in linear time by arbitrarily pairing any two
branches and joining them by a truncating vertex when the branches correspond
to the same truncating vertex, or by a path joining two truncating vertices
(which exists since 7 is connected) when the branches correspond to two different
truncating vertices. )

Thus, the constructed collection Cr (say) of Iz + [4] paths covers all the
vertices of T, where I denotes the number of leaves of the tree 7. Also, I +
[L] =11 (no. of leaves of Te)] = me(Te) by our construction. Hence, Cr is an

optimal path cover of Tg.

(ii) Construction of a Path Cover of G: Corresponding to each path of Cr
in Tz, we can get a path in G by following the trajectory of the path. We want
to form those paths in G in such a way that all the vertices of each block of G
are covered. Due to the construction of Cr, at least two paths will pass through
each special block and each Type-3 block. So, all the Type-2 blocks and leaf
blocks can be covered. For Type-3 blocks, there are two cases:
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Case 1: There are exactly three cut-vertices ui,us,us (say) on the unique
Hamiltonian cycle® of the Type-3 block B; (say) under consideration and one
path of Cp passing through b; traverses as ... b;is ... in Te. Then we create
the corresponding path in G by taking the path from u; to ug that contains usg
on the unique Hamiltonian cycle (see Fig. 8(a)). The other path passing through
b; covers the vertex o and goes through s (or @;). In G, we take that path
from us to ug (or uy) on the unique Hamiltonian cycle which will cover all the
remaining uncovered vertices of B; (see Fig.8(b)) as its corresponding path.

uy _ uy ~
Us Us
u3 us
, /
/ G / G

(a) (b)

Fig. 8. (a) Path (marked in blue) in G which corresponds to the path ...d1b;4s ... of
Ta. (b) Path (marked in blue) in G which corresponds to the path ...72b;... in the
tree Tg. (Color figure online)

Case 2: There are at least four cut-vertices uy, us,us, usq (say) in this order
on the Hamiltonian cycle, and there are two paths in Cr such that each path
uses two of these cut-vertices. Note that there may exist some other cut-vertices
in between these four vertices. In this case there are two sub-cases, (i) if one path
of Cp traverses as ... u1b;4g . .. and another path as ... dgb;ty ... (see Fig.9(a)),
then we create two new paths ...u1b;us ... and ... ugb;uy ... in such a way that
the vertices of T covered by the previous two paths and these two paths are the
same. Then the corresponding paths in G are created as a path from u; to us
that contains u4 and us on the unique Hamiltonian cycle and a path from us to
uy4 that contains us and u; on the unique Hamiltonian cycle (see Fig. 9(b)). (ii)
if one path of Cp traverses as ...wu1b;Us ... and another path as ...ugb;ty. ..,
then the paths in G are created in the same manner (see Fig.9(b)). Hence, we
obtain a path cover of G of size |Cr| = WC(T(;).

Correctness and Time Complexity of the Algorithm: From Lemma 13,
we already have 7.(T¢) < 7.(G). Also, the constructed path cover of G has
Wc(Tg) many paths. Hence, the algorithm gives a minimum path cover of G.
The constructions of T¢ from G and Tg from T both require linear time.
Finding all the truncating vertices and constructing the tree 7 can be done in
linear time. Finding I many paths as described in the algorithm requires linear
time irrespective of whether 7 has odd or even number of leaves. Thus, the path
cover Cr of Tg can be constructed in linear time. Finally, the construction of

® Each block of G being biconnected outerplanar has a unique Hamiltonian cycle [22].
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Uy

Fig. 9. (a) Paths (marked in blue) in G which corresponds to the paths ... %1b;ts. . .
and ...Uxb;Uy ... of TG, respectively. These paths do not cover all the vertices of B;
in G. (b) Paths (marked in blue) after transforming the paths of Fig.9.(a). Here the
paths correspond to ...u1bito ... and ...usb;s ... of the tree TG and covers all the
vertices of B; in G. (Color figure online)

a path cover of G from Cp requires linear number of steps. Hence, we have the
following result.

Theorem 14. An optimal path cover of an outerplanar graph can be constructed
in linear time.

4 Conclusion

We have studied some lower bounds for the path cover number in arbitrary
graphs. Some graph classes attaining this bound have been explored. A linear-
time algorithm for the path cover problem for the class of outerplanar graphs
has been proposed. Improving the lower bound and exploring the path cover
problem for some other graph classes is an interesting future research direction.
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