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1. Introduction

A dominating set in a graph G is a set D of vertices of G such that every vertex outside D is adjacent to a vertex in D. The
domination number, y (G), of G is the minimum cardinality of a dominating set in G. The literature on the subject of domi-
nation parameters in graphs up to the year 1997 has been surveyed and detailed in the two books [6,7]. Among the existing
variations of domination, the one of location-domination is widely studied. A locating-dominating set is a dominating set D
that locates/distinguishes all the vertices in the sense that every vertex not in D is uniquely determined by its neighborhood
in D. The location-domination number of G, denoted y;(G), is the minimum cardinality of a locating-dominating set in G.
The concept of a locating-dominating set was introduced and first studied by Slater [13,14] and studied in [2,3,12-15] and
elsewhere.

A classic result due to Ore [10] states that every graph without isolated vertices has a dominating set of cardinality at
most half its order. While there are many graphs (without isolated vertices) which have location—-domination number much
larger than half their order, the only such graphs that are known contain many twins, that is, pairs of vertices with the same
closed or open neighborhood. It was therefore recently conjectured by Garijo et al. [5] that in the absence of twins, the classic
bound of one-half the order for the domination number also holds for the location-domination number. In this paper, we
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continue the study of [5] by proving this conjecture for two standard graph classes: split graphs and co-bipartite graphs. We
also describe interesting families of graphs that would, if the conjecture is true, provide extremal examples.

Definitions and notations. For notation and graph theory terminology, we in general follow [6]. Specifically, let G be a
graph with vertex set V(G), edge set E(G) and with no isolated vertex. The open neighborhood of a vertex v € V(G) is
Ng(v) = {u € V|uv € E(G)} and its closed neighborhood is the set Ng[v] = Ng(v) U {v}. For a set S of vertices of G, N;[S]
is the union of all closed neighborhoods of vertices in S. The degree of v is dg(v) = |Ng(v)|. If the graph G is clear from the
context, we simply write V, E, N(v), N[v], N[S] and d(v) rather than V(G), E(G), Ng(v), Ng[v], Ng[S] and dg(v), respectively.

Aset Disadominating set of Gif N[v]ND £ ¢ for every vertex v in G, or, equivalently, N[D] = V(G). Two distinct vertices
uand v in V(G) \ D are located (or distinguished) by D if they have distinct neighbors in D; that is, N(u) "D # N(v) N D.Ifa
vertex u € V(G) \ D is located from every other vertex in V(G) \ D, we simply say that u is located (or distinguished) by D.

A set S is a locating set of G if every two distinct vertices outside S are located by S. In particular, if S is both a dominating
set and a locating set, then S is a locating-dominating set. We remark that the only difference between a locating set and a
locating-dominating set in G is that a locating set might have a unique non-dominated vertex.

An independent set in G is a set of vertices no two of which are adjacent, and a clique is a set of vertices every two of which
are adjacent. The independence number and the clique number of G are the maximum cardinality of an independent set and a
clique in G, respectively. The complement of an independent set in G is a vertex cover in G. Thus if S is a vertex cover in G, then
every edge of G is incident with at least one vertex in S. Two edges in a graph G are independent if they are vertex-disjoint
in G. A set of pairwise independent edges of G is called a matching in G. A perfect matching M in G is a matching such that
every vertex of G is incident to an edge of M.

Two distinct vertices u and v of a graph G are open twins if N(u) = N(v) and closed twins if N[u] = N[v]. Further, u and
v are twins in G if they are open twins or closed twins in G. A graph is twin-free if it has no twins.

Acliquein Gis a set of vertices that induce a complete subgraph. A split graph is a graph whose vertex set can be partitioned
into an independent set and a clique, and a co-bipartite graph is a graph whose vertex set can be partitioned into two cliques.
We use the standard notation [k] = {1, 2, ..., k}.

Conjectures and known results. The conjecture that motivates our study is stated as follows:

Conjecture 1 (Garijo et al. [5]). Every twin-free graph G of order n without isolated vertices satisfies y; (G) < g

Using a proof technique based on matchings, the authors of [5] proved Conjecture 1 for graphs without 4-cycles (which
include trees). They also proved that a vertex cover of a twin-free graph is a locating-dominating set.

Proposition 2 (Garijo et al. [5]). If G is a twin-free graph without isolated vertices, then every vertex cover of G is also a
locating-dominating set.

As an immediate consequence of Proposition 2, graphs with independence number at least half the order verify the con-
jecture. In particular, this is true for bipartite graphs. Using the relation y;(G) < y.(G) + 1 relating the location-domination
number of a graph G and its complement G (discovered by Hernando et al. [9]), Garijo et al. [5] observed that a twin-free
graph of order n with clique number at least [5] + 1 also satisfies the conjectured bound.

The best general upper bound to date is due to Garijo et al. [5] who showed that y,(G) < L%"J + 1 holds for every
twin-free graph G of order n and without isolated vertices.

In an earlier paper, Henning and Lowenstein [8] proved that every connected cubic claw-free graph (not necessarily
twin-free) has a locating-total dominating set' of size half its order, which implies that Conjecture 1 is true for such graphs.
Moreover they conjectured this to be true for every connected cubic graph, with two exceptions — which, if true, would
imply Conjecture 1 for cubic graphs.

Our results. We slightly improve the general bound of [5] by proving the bound y;(G) < 2?“ in Section 2. In Section 3, we
provide several constructions for graphs with location-domination number half their order and we characterize all trees
for which the bound is tight. The variety of these constructions shows that these graphs have a rich structure, which is an
indication that Conjecture 1 might be difficult to prove. We then continue to give support to Conjecture 1 by proving it for
split graphs and co-bipartite graphs in Section 4.

2. General bound

The authors of [5] proved that every twin-free graph G of order n without isolated vertices satisfies y; (G) < L%"J +1.We
slightly improve this bound in the following theorem. For this purpose, we shall need the following well-known property
of minimum dominating sets in graphs first observed by Bollobas and Cockayne [1]. Given a set S in a graph G and a vertex
v € S, an S-external private neighbor of v is a vertex outside S that is adjacent to v but to no other vertex of S in G.

Ta locating-total dominating set D is a locating-dominating set that is also a total dominating set, that is, every vertex of the graph has a neighbor in D.
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Proposition 3 (Bollobds, Cockayne [1]). If G is a graph with no isolated vertex, then there exists a minimum dominating set S in
G with the property that every vertex of S has an S-external private neighbor.

Theorem 4. If G is a twin-free graph of order n with no isolated vertices, then y (G) < 2n/3.

Proof. For an arbitrary subset S of vertices in G, let $s be a partition of S = V(G) \ S with the property that all vertices
in the same part of the partition have the same open neighborhood in S and vertices from different parts of the partition
have different open neighborhood in S. Let |Ps| = k(S). Let X5 be the set of vertices in S that belong to a partition set in
Ps of size 1 and let Ys = S \ Xs. Hence every vertex in Ys belongs to a partition set of size at least 2. Let n1(S) = |Xs|
and let ny(S) = k(S) — ny(S). Let S be a minimum dominating set in G with the property that every vertex of S has an
S-external private neighbor. Such a set exists by Proposition 3. We note that n(S) + n,(S) > |S| since every vertex of S has
an external private neighbor. Among all supersets S’ of S with the property that n;(S") 4+ ny(S’) > |S’|, let D be chosen to be
inclusion-wise maximal. (Possibly, D = S.)

Claim 4.A. The vertices in each partition set of size at least 2 in $p have distinct neighborhoods in Xp, and therefore D U Xp is a
locating-dominating set of G.

Proof of claim. Let u and v be two vertices that belong to a partition set T, of size at least 2 in $p. Since G is twin-free, there
exists a vertex w ¢ {u, v} that is adjacent to exactly one of u and v. Since u and v have the same neighbors in D, we note
that w ¢ D. Hence, w € D = V(G) \ D. Suppose for a contradiction that w € Yp and consider the set D’ = D U {w}. Let
R be an arbitrary partition set in #p that might or might not contain w. If w is either adjacent to every vertex of R \ {w}
or adjacent to no vertex in R \ {w}, then R \ {w} is a partition set in #y. If w is adjacent to some, but not all, vertices of
R\ {w}, then there is a partition R \ {w} = (Rq, Rz) of R\ {w} where R; are the vertices in R \ {w} adjacent to w and R,
are the remaining vertices in R \ {w}. In this case, both sets Ry and R, form a partition set in $. In particular, we note
that there is a partition T \ {w} = (T, Tz) of T \ {w} where both sets T; and T, form a partition set in $y. Therefore,
n1(D")+ny(D’) > ny(D)+ny(D)+1 > |D|+ 1 = |D'|, contradicting the maximality of D. Hence, w ¢ Yp. Therefore, w € Xp.
Hence, u and v are located by the set Xp in G. ¢

Let Y, be obtained from Y, by deleting one vertex from each partition set of size at least 2 in #p, and let D’ = DUY},. Then,
|D'| = n—ny(D) — ny(D). By definition of the partition $p, every vertex in V(G) \ D’ has a distinct nonempty neighborhood
in D and therefore in D’. Hence we have the following claim.

Claim 4.B. The set D' is a locating—-dominating set of G.

By Claim 4.A, the set D U X is a locating-dominating set of G of cardinality |D| 4+ n;(D). By Claim 4.B, the set D’ is a
locating-dominating set of G of cardinality n — ny(D) — n,(D). Hence,

y1(G) < min{|D| + ny(D), n — ny(D) — nz(D)}. (1)

Inequality (1) implies thatifn—n;(D) —ny(D) < %n, then y.(G) < 2n/3.Hence we may assume thatn—n;(D) —n,(D) > %n,
for otherwise the desired upper bound on y; (G) follows. With this assumption, n{(D) + n;(D) < %n. By our choice of the
set D, we recall that |D| < ny(D) + ny(D). Therefore,

ID| 4+ n1(D) = 2n1(D) 4+ nz(D) < 2(ny(D) + n2(D)) < %'1.

Hence, by Inequality (1), .(G) < 2n/3. This completes the proof of Theorem 4. O

3. Twin-free graphs with location—-domination number half their order

We observe that every connected graph G on four or six vertices has location-domination number at least half its order.
This is clear if G has four vertices. If G has six vertices, then y;(G) > 3. Indeed, suppose to the contrary that there is a
locating-dominating set D of size 2. Then, two vertices of V(G) \ D can be dominated by a single vertex, and one, by two
vertices. But then G has at most five vertices, a contradiction. Hence, the class of twin-free graphs of order 6 already yields
a simple example of graphs that are extremal with respect to Conjecture 1.

In the remaining part of this section, we provide infinite families of twin-free graphs with location-domination number
half their order.

3.1. Families of graphs with small domination number but location-domination number half the order

Every twin-free graph with domination number half the order also has location-domination number at least half its
order. These graphs are known to be exactly the graphs where each component is either a 4-cycle (but then the graph is
not twin-free), or it is a corona graph, that is, it has been obtained from any graph by adding a pending edge to each of its
vertices [11]. Indeed it is clear that in such graphs, every dominating set is also a locating-dominating set. However, not
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Fig. 1. The graph Hy.

Clique on {Zg41, ..., Tog }

Clique on {z1, ...,z }

Fig. 2. The graphs A have location-domination number half their order.

all graphs with large location-domination number have large domination number. Perhaps the simplest class of connected
twin-free graphs with large location-domination number but small domination number is the class of graphs constructed
as follows. For k > 3, let Hy be the graph obtained from K, x by selecting one of the two vertices of degree k and subdividing
every edge incident with it, and then adding a pendant edge to both vertices of degree k. The resulting graph, Hy, has order
2k + 4, domination number 2, and location-domination number exactly one-half the order (namely, k + 2). The graph Hy,
for example, is illustrated in Fig. 1, where the darkened vertices form a minimum locating-dominating set in Hy.

The following construction provides a family of dense twin-free graphs with domination number 2, but location-
domination number one-half the order.

Definition 5 ([4]). For an integer k > 2, let A, = (V4, Ei) be the graph with vertex set V, = {x1, ..., xo¢} and edge set E, =
i i — jl < k= 1).

All graphs of this family, defined in [4] in the context of identifying codes, are twin-free and co-bipartite (and hence
have domination number 2). In fact each graph Ay is isomorphic to the kth distance power of the path P,. See Fig. 2 for an
illustration, where the darkened vertices form a minimum locating-dominating set in Ay.

Proposition 6. Forany k > 2, y1(Ay) = k = n(Ay) /2.

Proof. The set {1, ..., xx_1} U {x5} is a locating-dominating set of Ay, and so y; (Ay) < k. For the other direction, let D be a
locating-dominating set of Ay, and let A = {xq, ..., x¢} and B = {Xy1, ..., Xok}. Let D = DN A and let Dg = D N B. Further,
let a = |D4| and let b = |Dg|. In order to dominate the vertex x; (respectively, x,;), we note that D4 # @ (respectively,
Dg # ). For every two vertices x; and x; in A with i < j, we have N(x;) C N(x;). Since A is a clique, every vertex of A is
dominated by each vertex of D4. Further, if v € A, then either N(v) N B = @ or v is adjacent to consecutive vertices of Dg in
the sense that if x; is a vertex in Dj of largest subscript adjacent to v, then v is adjacent to all vertices x, € Dg with £ < j.
Hence, the vertices in A have at most b 4+ 1 distinct neighborhoods in D (including the possibility of a vertex in A having
an empty neighborhood in Dg). By a similar argument, the vertices in B have at most a + 1 distinct neighborhoods in Dy.
However, there can be only one vertex in V(Ay) \ D which is dominated by every vertex in D, implying that

2k— D] =|VA)\D| < (@a+1)+b+1)—1=a+b+1=|D|+ 1,

or, equivalently, 2k < 2|D| + 1, and so |[D| > {2"2—‘11 = k. Since D is an arbitrary locating-dominating set of Ay, this implies
that y; (Ax) > k. Consequently, v, (Ay) = k =n(Ay)/2. O

Similar as in [4], we will show how to combine the graphs of Definition 5 to obtain more extremal examples. If the
cardinality of a minimum locating set in a graph G is equal to y; (G), then we say that G is combinable. Given two graphs G
and H, the complete join of G and H, abbreviated G =< H, is the graph obtained from the disjoint union of G and H by adding
all the edges uv with u € V(G) and v € V(H). The complete join of a set {Gq, .. ., G¢} of more than two graphs is the graph
obtained from the disjoint union of Gy, ..., G by adding all the edges uv withu € V(G;) andv € V(Gj),for1 <i <j <k

Lemma 7. If G and H are two combinable graphs, then y; (G < H) > y(G) + yr.(H).
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Fig. 3. A graph with location-domination number half its order obtained from a set of attachable graphs.

Proof. Note that a vertex in V(G) cannot locate any pair in V(H) (and vice-versa), however it may help to dominate some
vertex. Therefore, for any locating-dominating set D of G < H, DNV (G) must be a locating set of G, and DNV (H), a locating
set of H. Then, by the definition of a combinable graph, |D NV (G)| > y.(G) and |D N V(H)| > y.(H), which completes the
proof. O

Theorem 8. Let 4 be a set of vertex-disjoint graphs where each member of 4 is isomorphic to some graph Ay (k > 2). Let G(A)
be the complete join of all members in 4. Then, G has location-domination number half its order.

Proof. We use induction on the size of 4, by proving the following claim: every graph G(.4) is combinable, has loca-
tion-domination number half its order, and there is a minimum locating-dominating set where no vertex is dominated by
every vertex in the set. The proof of Proposition 6 shows that for k > 2, the graph Ay is combinable, has location-domination
number half its order, and there is a minimum locating-dominating set (namely, the set {xq, ..., Xx_1} U {x2x}) where no
vertex is dominated by every vertex in the set. Hence if |A| = 1, we are done. This establishes the base case.

Now, assume |4| > 1.Let G = G(+), and let A; be some member of 4. By induction, the claim is true for G; = G(A \ A))
and for G; = G(A;). Hence by Lemma 7, y.(G) > y1(Gy) 4+ n.(Gy) = @ Moreover, consider two minimum locating—
dominating sets D; of G; and D, of G,, where no vertex of V(G;) \ D; is dominated by every vertex of D; in G; fori € {1, 2}.
Then, D = D; U D, is a dominating set and there is no vertex of G dominated by every vertex of D. All vertex pairs within
one of the two subgraphs are located, and finally, each pair u, v with u € V(G;) and v € V(G,) is located by the vertex of
D, that does not dominate u. It remains to show that G is combinable. Let L be a minimum locating set of G. By a similar
argument as in the proof of Lemma 7, L N V(G;) must be a locating set of G; and L N V(G;) must be a locating set of G,. Then
by induction we know that |[L N V(G1)| > y.(Gy) and |[L N V(G2)| = y1(Gy), implying that y;(G) < y1(Gy) + n(Gy) < [L].
Since also |L| < y,(G), we have equality and G is combinable. O

3.2. A family of twin-free graphs with large domination number and location-domination number half the order

Let G be a graph with y,(G) = Wgﬂ If G contains a vertex x such that, when we identify x with a vertex of some other
graph H that is vertex-disjoint from G, every locating-dominating set of the resulting graph contains at least half of the
vertices of G, then we say that G is attachable and x is a link vertex of G. Examples of attachable graphs are paths on two
vertices, as well as any graph obtained from a star where one edge is subdivided twice, and every other edge is subdivided
once (the link vertex is the center of the star). See Fig. 3 for an illustration, where the darkened vertices form a minimum
locating-dominating set of the graph.

As an immediate consequence of this definition, we have the following observation.

Observation 9. If G is a graph obtained from the disjoint union of a graph H and |V (H)| disjoint attachable graphs, by identifying
each vertex of H with a link vertex of one of the attachable graphs, then y,(G) > 'V(zﬂ
We note that in Observation 9 if H is a graph without isolated vertices, then G is twin-free. Hence, G is extremal with

respect to the bound of Conjecture 1.

3.3. Extremal trees

Recall that by Proposition 2, Conjecture 1 holds for bipartite graphs (and hence trees). We now characterize all trees that
are extremal with respect to the bound of Conjecture 1.
Definition 10. Let 7 be the family of trees T satisfying the following properties:

e T has a perfect matching M.
e Each edge of M has one end colored white and the other end colored black.
e Each white vertex is either a leaf, or has degree 2 and is adjacent to a black vertex that has a white leaf as a neighbor.

A tree from Definition 10 is illustrated in Fig. 4, where the thick edges belong to the matching.
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Fig. 4. A tree satisfying Definition 10.

Proposition 11. Every tree T € 7 with order n satisfies y.(T) = 5.

Proof. The upper bound follows from Proposition 2. In fact, one can check that the set of black vertices forms a
locating-dominating set of T. For the lower bound, let T € 7 have order n with M its perfect matching and a black-white
coloring of T as defined in Definition 10. If n = 2, then the desired result is immediate. Hence, we may assume that n > 4.
Let D be an arbitrary locating-dominating set of T. If we are able to associate a distinct vertex, f (e), of D to each edge e of
M, then |D| > |M| = g and we will be done. Let e = uv € M. Renaming u and v if necessary, we may assume that u is
colored white in the black/white coloring of the vertices of T. If both u and v belong to D, we choose f (¢) = v (and note that
v is colored black and is therefore not a leaf in T). If exactly one of u and v belongs to D, we choose f (e) to be the end of e
that belongs to D. Suppose that neither u nor v belongs to D. Recall that u is colored white. If u is a leaf, then u would not
be dominated by D, a contradiction. Hence, by Definition 10, d(u) = 2 and u has a black neighbor b adjacent to a white leaf
w. Necessarily, bw € M. In order to dominate u, the vertex b must belong to D. If w ¢ D, then both u and w are adjacent to
b but to no other vertex of D, and so u and w would not be located by D, a contradiction. Hence, w must belong to D. Since
both ends of the edge bw belong to D and b is colored black, we chose f (bw) = b. We now choose f(e) = w. We claim that
there is no edge ¢’ € M other than e, with f(¢’) = w. Indeed, if this was the case, then the neighbor of b in ¢’ would not be
located from u, a contradiction. This completes the proof. O

The following result characterizes all trees with location-domination number one-half their order.

Theorem 12. Let T be a tree of order n > 2 without any open twins. Then, y,(T) = g ifandonlyif T € T.

Proof. Proposition 11 shows that every member T of 7~ with order n satisfies y;(T) = 3.
For the other direction, we proceed by induction on the order n > 2 of a tree T without any open twins satisfying y; (T) =
%. Ifn = 2,thenT = K, € 7 and the claim is clearly true. This establishes the base case. Let n > 4 be even and assume

that if T’ is a tree of order n’ < n without any open twins satisfying y; (T") = "7/ thenT’ € 7.Let T be a tree of order n > 4
without any open twins satisfying y(T) = 5 and consider a longest path in T that connects some leaf r and a leaf u. Since T
has no open twins, the neighbor v of u has degree 2. Let w be the other neighbor of v. Let T" = T — {u, v} be the tree obtained
from T by removing the vertices u and v. By Proposition 2, we have y;(T") < ”2;2 Let D’ be a minimum locating-dominating
set of T'. Then the set D" U {v} is a locating-dominating set of T, implying that 5 = y.(T) < y(T') + 1 < % +1=3.
Consequently, we must have equality throughout this inequality chain. In particular, y;(T") = % Applying the inductive
hypothesis to T/, we have T’ € 7. Let M’ be the perfect matching of T” and consider the associated black-white coloring, ¢,
of the vertices according to Definition 10. Let M = M’ U {uv}, and note that M is a perfect matching of T.

If w is colored black, then we extend the coloring €’ by coloring v black and coloring u white. Then, T belongs to 7, as

desired. Hence we may assume that w is colored white, for otherwise we are done. We distinguish two cases.

Case 1: wisaleafin T'. Let x be its (black) neighbor in T'. If w is the only white neighbor of x in T’, then we extend the color-
ing C’ by coloring v black and coloring u white. Then, T belongs to 7. Hence, we may assume that x has a white neighbor in T’
different from w. Let a be such a neighbor of x. Since T’ € 7, the vertex a has degree 2 in T’. Let b be the vertex matched to a by
M’.We show that every neighbor of b different from a is colored black in €’. Suppose, to the contrary, that b has a white neigh-
bor c different from a. Then, ¢ cannot be a leaf since b is already matched to a by M’. Hence, ¢ is matched to a black vertex, d
say, by M’. By definition, d has to be adjacent to a white leaf. But then this leaf is not matched by M’ since its only neighbor,
d, is already matched by M’ to c, a contradiction. Therefore, every neighbor of b different from a is colored black in ¢'.

If b has at least two black neighbors, then the set consisting of all black vertices in T’ different from b, together with v
forms a locating-dominating set of T (where b is uniquely located by its black neighbors) of cardinality ”;2 , a contradiction.
Therefore, b has at most one black neighbor, implying that d(b) < 2.

If d(b) = 1, we can recolor b white and a black, and we can extend the resulting coloring to T by coloring v black and
coloring u white. In this case, T clearly belongs to 7. Hence we may assume that d(b) = 2, for otherwise the desired result
follows. Let ¢ be the neighbor of b distinct from a. By the earlier observations, c is colored black. Let d be the (white) neighbor
of c matched by M. If d is not a leaf, then let e be the (black) neighbor of d different from c. In this case, the set consisting of
all black vertices in T’ different from b, together with v forms a locating-dominating set of T (where d is uniquely located
by c and e, and b is uniquely located by c) of cardinality ”;—2 a contradiction. Hence, d is a leaf and we can recolor a black
and b white and as before extend the resulting coloring to T to show that T belongs to 7.

Case 2: dy» (w)=2. Let x be the neighbor of w matched by M, let a be its other (black) neighbor, and let b the (white) neighbor
of a matched by M. By definition of 7, the vertex b is a leaf and every neighbor of x, if any, different from w, is colored black.
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If d(x) > 3, then the set consisting of all black vertices in T’ different from x, together with v forms a locating-dominating
set of T of cardinality % a contradiction. Hence, d(x) < 2.

If d(x) = 1, then we can recolor x white and w black, and we can extend the resulting coloring to T by coloring v black
and coloring u white. In this case, T clearly belongs to 7. If d(x) = 2, let c be the black neighbor of x and let d be the white
neighbor of ¢ matched to ¢ by M. If the vertex d is not a leaf, then as before the set consisting of all black vertices in T’
different from x, together with v forms a locating-dominating set of T (where d is located by c and its other black neighbors
and x is located by c only) of cardinality "2;2 a contradiction. Hence, d is a leaf and we can recolor x white and w black and
extend the coloring to T. Once again, T clearly belongsto 7. O

4. Co-bipartite and split graphs

Since any split graph or co-bipartite graph G has either independence number or clique number at least half its order,
the results in [5] mentioned in the introduction imply that y; (G) < ng + 1if G is twin-free and without isolated vertices,
where n is the order of G. We are able to slightly improve this bound, therefore proving Conjecture 1 for these classes.

n

Theorem 13. Let G be a twin-free graph of order n with no isolated vertices. If G is a co-bipartite or split graph, then y;(G) < 3.

Proof. Co-bipartite graphs. If G is co-bipartite, let X and Y be the two cliques partitioning V (G), with |X| < |Y|. If every

vertex of Y has a neighbor in X, then since G has no closed twins, every vertex in Y has a nonempty and distinct neighborhood

within X, implying that X is a locating-dominating set of G. Thus, in this case, y,(G) < |X| < % Hence we may assume that

Y has a vertex y with no neighbor in X. Since G has no closed twins, such a vertex y is unique.

If there is a vertex x € X that has no neighbor in Y, since G is twin-free, x is unique and the set (X \ {x}) U {y} is a
locating—dominating set of G, and once again y;(G) < |X| < g Hence, we may assume that every vertex in X has a neighbor
in Y. Since G has no closed twins, every vertex in X has a nonempty and distinct neighborhood within Y, implying that
X U {y} is a locating-dominating set of G. Hence, if |Y| — |X| > 2, then y;(G) < [X|+ 1 < 5. We may therefore assume that

|Y| — |X| < 1, for otherwise we are done. If there is no vertex in X that is adjacent to every vertex of Y \ {y}, thenY \ {y}isa

locating-dominating set of G, and so . (G) < |Y|—1 < |X] < g If there is a vertex x in X that is adjacent to every vertex of

Y \ {y}, then (X \ {x}) U {y} is a locating—-dominating set of G, and so y;(G) < |X| < g In both cases, y;(G) < % as desired.
Split graphs. The proof for the case of split graphs is similar to that for co-bipartite graphs. Assume G is a split graph, and
let X be a clique and Y be an independent set that form a partition of V(G). We note that X is a vertex cover of G. Suppose
that |Y| > % By Proposition 2, the set X is a locating-dominating set of G, and so y;(G) < |[X| =n—|Y] < g Hence, we
may assume that |Y| < % for otherwise the desired result follows.

If every vertex of X has a neighbor in Y, then since G has no closed twins, every vertex in X has a nonempty and distinct
neighborhood within Y, implying that Y is a locating-dominating set of G. Thus, in this case, 3, (G) < |Y| < g Hence we may
assume that X has a unique vertex x with no neighbor in Y. We note that in this case, the set Y U {x} is a locating-dominating
setof G,and so y.(G) < |Y|+ 1.If |X| —|Y| > 2, then |Y| + 1 < n/2, and the desired result follows. Hence, we may assume
that |X| —|Y| < 1.Ifthereis novertexin Y thatis adjacent to every vertex of X \ {x}, then X \ {x} is a locating—-dominating set
of G,and so y1(G) < [X|—1 < |Y| < 5.IfthereisavertexyinY thatis adjacent to every vertex of X \ {x}, then (Y \ {y}) U {x}
is a locating—dominating set of G, and so ¥, (G) < |Y| < g In both cases, y.(G) < g asdesired. O
5. Conclusion

Though we have advanced the study of Conjecture 1, it remains wide open. It would be interesting to extend the result
of [5] for bipartite graphs, to the class of triangle-free graphs. We also raise the question of extending the characterization of
extremal trees to the other (structured) classes for which the conjecture is known to hold, including bipartite graphs, split
graphs, and co-bipartite graphs.
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