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We study a large family of graph covering problems, whose definitions rely on distances, 
for graphs of bounded cyclomatic number (that is, the minimum number of edges that 
need to be removed from the graph to destroy all cycles). These problems include (but are 
not restricted to) three families of problems: (i) variants of metric dimension, where one 
wants to choose a small set S of vertices of the graph such that every vertex is uniquely 
determined by its ordered vector of distances to the vertices of S; (ii) variants of geodetic 
sets, where one wants to select a small set S of vertices such that any vertex lies on some 
shortest path between two vertices of S; (iii) variants of path covers, where one wants 
to select a small set of paths such that every vertex or edge belongs to one of the paths. 
We generalize and/or improve previous results in the area which show that the optimal 
values for these problems can be upper-bounded by a linear function of the cyclomatic 
number and the degree 1-vertices of the graph. To this end, we develop and enhance a 
technique recently introduced in (Lu et al., 2022 [53]) and give near-optimal bounds in 
several cases. This solves (in some cases fully, in some cases partially) some conjectures 
and open questions from the literature. The method, based on breadthfirst search, is of 
algorithmic nature and thus, all the constructions can be computed in linear time. Our 
results also imply an algorithmic consequence for the computation of the optimal solutions: 
for some of the problems, they can be computed in polynomial time for graphs of bounded 
cyclomatic number.

© 2025 The Author(s). Published by Elsevier B.V. This is an open access article under the 
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Distance-based covering problems in graphs are a central class of problems in graphs, both from a structural and from an 
algorithmic point of view, with numerous applications. Our aim is to study such problems for graphs of bounded cyclomatic 
number. The latter counts the number of edges that need to be removed from a graph to make it acyclic; it is a measure of 
sparsity of the graph that is popular in both structural and algorithmic graph theory [17,47,73] that has classic applications 
in program testing [57].
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Although distance-based covering problems are very diverse, they share some properties that make them behave sim
ilarly in certain contexts, a fact that has already been observed for some of these problems, in particular, the metric 
dimension and the geodetic number problems [8,29,28]. Notably, regarding algorithmic applications, contrary to more ``lo
cally defined'' problems, they often do not behave well for graphs of bounded treewidth [41,44,50]. The goal of this paper 
is to demonstrate that, for the more restrictive graphs of bounded cyclomatic number, interesting bounds can be derived, 
using a similar technique that is both simple and powerful. The obtained bounds also lead to efficient algorithms for these 
graphs. We will mainly focus on three types of such problems, as follows.

Metric dimension and its variants In these concepts, introduced in the 1970s [67,36], the aim is to distinguish elements in 
a graph by using distances. A set S ⊆ V (G) is a resolving set of G if for all distinct vertices x, y ∈ V (G) there exists s ∈ S
such that d (s, x) �= d (s, y). The smallest possible size of a resolving set of G is called the metric dimension of G (denoted 
by dim(G)). During the last two decades, many variants of resolving sets and metric dimension have been introduced. In 
addition to the original metric dimension, we consider the edge and mixed metric dimensions of graphs. A set S ⊆ V (G)

is an edge resolving set of G if for all distinct edges x, y ∈ E(G) there exists s ∈ S such that d (s, x) �= d (s, y), where the 
distance from a vertex v to an edge e = e1e2 is defined as min{d (v, e1) ,d (v, e2)} [43]. A mixed resolving set is both a 
resolving set and an edge resolving set, but it must also distinguish vertices from edges and vice versa; a set S ⊆ V (G) is 
a mixed resolving set of G if for all distinct x, y ∈ V (G) ∪ E(G) there exists s ∈ S such that d (s, x) �= d (s, y) [42]. The edge 
metric dimension edim(G) (resp. mixed metric dimension mdim(G)) is the smallest size of an edge resolving set (resp. mixed 
resolving set) of G . More on the different variants of metric dimension and their applications (such as detection problems 
in networks, graph isomorphism, coin-weighing problems or machine learning) can be found in the recent surveys [48,70].

Geodetic numbers A geodetic set of a graph G is a set S of vertices such that any vertex of G lies on some shortest path 
between two vertices of S [35]. The geodetic number g (G) of G is the smallest possible size of a geodetic set of G .

The version where the edges must be covered is called an edge-geodetic set [4]. ``Strong'' versions of these notions have 
been studied. A strong (edge-) geodetic set of graph G is a set S of vertices of G such that we can assign for any pair x, y of 
vertices of S a shortest xy-path such that each vertex (edge) of G lies on one of the chosen paths [3,51,54].

Recently, the concept of monitoring edge-geodetic set was introduced in [33] (see also [9,20,32,37]) as a strengthening of 
a strong edge-geodetic set: here, for every edge e, there must exist two vertices x, y in the monitoring edge-geodetic set 
such that e lies on all shortest paths between x and y.

These concepts have numerous applications related to the field of convexity in graphs, see the book [60].
We also consider the concept of distance-edge-monitoring-sets introduced in [30,31] and further studied in [38,74,75], 

which can be seen as a relaxation of monitoring edge-geodetic sets. A set S is a distance-edge-monitoring-set if, for every 
edge e of G , there is a vertex x of S and a vertex y of G such that e lies on all shortest paths between x and y.

Path covering and partition problems In this type of problem, one wishes to cover the vertices (or edges) of a graph using a 
small number of paths. For path partition problems, the paths are required to be vertex-disjoint, but for path covering, they 
may not be. A path cover (path partition, respectively) is a set of (vertex-disjoint) paths of a graph G such that every vertex of 
G belongs to one of the paths. If one path suffices, the graph is said to be Hamiltonian, and deciding this property is one of 
the most fundamental graph-algorithmic problems. The paths may be required to be shortest paths, in which case we have 
the notion of an isometric path cover/partition [12,13,21,25,27,69]; if they are required to be chordless, we have an induced 
path cover/partition [25,49,55]. The edge-covering versions have also been studied [2]. This type of problems has numerous 
applications, such as program and circuit testing [2,58], vehicle routing [72] or bioinformatics [11]. They are the subject of 
well-known studies in graph theory, such as the Gallai-Milgram theorem [34] or conjectures by Berge [7] and Gallai [52].

Our goal Our objective is to study the three above classes of problems, on graphs of bounded cyclomatic number. (See 
Fig. 1 for a diagram showing the relationships between the optimal solution sizes of the studied problems.) A feedback edge 
set of a graph G is a set of edges whose removal turns G into a forest. The smallest size of such a set, denoted by c (G), is 
the cyclomatic number of G [6]. It is sometimes called the feedback edge (set) number or the cycle rank of G . For a graph G on 
n vertices, m edges and k connected components, it is not difficult to see that we have c (G) = m − n + k, since a forest on 
n vertices with k components has n − k edges. In this paper, we assume all our graphs to be connected. To find an optimal 
feedback edge set of a connected graph, it suffices to consider a spanning tree; the edges not belonging to the spanning 
tree form a minimum-size feedback edge set.

Graphs whose cyclomatic number is constant have a relatively simple structure. They are sparse (in the sense that they 
have a linear number of edges). They also have bounded treewidth (indeed the treewidth is at most the cyclomatic number 
plus one), a parameter that plays a central role in the area of graph algorithms, see for example Courcelle’s celebrated theo
rem [18]. Thus, they are studied extensively from the perspective of algorithms (for example for the metric dimension [24], 
the geodetic number [44] or other graph problems [17,19,26,47,71]). In particular, in many cases, distance-related problems 
are computationally hard on graphs of bounded treewidth [40,41,44,50]. Thus, for this type of problems, it is of interest to 
design efficient algorithms for graphs of bounded cyclomatic number. Graphs of given cyclomatic number are also studied 
from a more structural angle [1,64--66,73].
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Fig. 1. Relations between the graph parameters discussed in the paper. If a parameter A has a directed path to parameter B , then for any graph, the value 
of A is upper-bounded by a linear function of the value of B . The problems in gray boxes are explicitly studied in this paper; bounds for the other problems 
follow from these results.

Conjectures addressed in this paper In order to formally present the conjectures, we need to introduce some structural con
cepts and notations. A leaf of a graph G is a vertex of degree 1, and the number of leaves of G is denoted by � (G). Consider 
a vertex v ∈ V (G) of degree at least 3. A leg attached to the vertex v is a path p1 . . . pk such that p1 is adjacent to v , 
deg(pk) = 1 and deg(pi) = 2 for all i �= k. The number of legs attached to the vertex v is denoted by l (v).

A set R ⊆ V (G) is a branch-resolving set of G , if for every vertex v ∈ V (G) of degree at least 3 the set R contains at least 
one element from at least l (v) − 1 legs attached to v . The minimum cardinality of a branch-resolving set of G is denoted 
by L (G), and we have

L (G) =
∑

v∈V (G), deg(v)≥3, l(v)>1

(l (v) − 1).

It is well-known that for any tree T with at least one vertex of degree 3, we have dim(T ) = L (T ) (and if T is a path, 
then dim(T ) = 1) [15,36,45,67]. This has motivated the following conjecture.

Conjecture 1 ([66]). Let G be a connected graph with c (G) ≥ 2. Then dim(G) ≤ L (G) + 2c (G) and edim(G) ≤ L (G) + 2c (G).

The restriction c (G) ≥ 2 is missing from the original formulation of Conjecture 1 in [66]. However, Sedlar and Škrekovski 
have communicated to us that this restriction should be included in the conjecture. Conjecture 1 holds for cacti with 
c (G) ≥ 2 [66]. The bound dim(G) ≤ L (G)+ 18c (G)− 18 was shown in [24] (for c (G) ≥ 2), and is the first bound established 
for the metric dimension in terms of L (G) and c (G) (note that the bound holds even for a vertex-weighted variant of metric 
dimension). The bound dim(G) ≤ L (G) + 6c(G) was proved in [10].

Sedlar and Škrekovski [65] also posed the following refinement of the previous conjecture, where δ(G) is the minimum 
degree of G .

Conjecture 2 ([65]). If δ(G) ≥ 2 and G �= Cn, then dim(G) ≤ 2c (G) − 1 and edim(G) ≤ 2c (G) − 1.

In [65], Sedlar and Škrekovski showed that Conjecture 2 holds for graphs with minimum degree at least 3. They also 
showed that if Conjecture 2 holds for all 2-connected graphs, then it holds for all graphs G with δ(G) ≥ 2. Recently, Lu at 
al. [53] addressed Conjecture 2 and showed that dim(G) ≤ 2c(G) + 1 when G has minimum degree at least 2.

Conjecture 3 ([64]). Let G be a connected graph. If G �= Cn, then mdim(G) ≤ � (G) + 2c (G).

Conjecture 3 is known to hold for trees [42], cacti and 3-connected graphs [64], and balanced theta graphs [63].
The following conjecture on distance-edge-monitoring sets was also posed recently.

Conjecture 4 ([30,31]). For any graph G, dem (G) ≤ c (G) + 1.

3 
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Here, dem (G) is the smallest size of a distance-edge-monitoring set of graph G . The original authors of the conjec
ture proved the bound when c (G) ≤ 2, and proved that the bound dem (G) ≤ 2c (G) − 2 holds when c (G) ≥ 3 [30]. The 
conjectured bound would be tight [30,31].

Regarding monitoring edge-geodetic sets, although no formal conjecture was explicitly posed, the bound meg (G) ≤
9c (G) + � (G) − 8 was proved in [20,33], and it was asked whether this can be improved.

Our contributions In this paper, we are motivated by Conjectures 1-4, which we address. We will show that both dim(G)

and edim(G) are bounded from above by L (G)+ 2c (G)+ 1 for all connected graphs G . Moreover, we show that if L (G) �= 0, 
then the bounds of Conjecture 1 hold.

We show that Conjecture 3 is true when δ(G) = 1, and when δ(G) ≥ 2 and G contains a cut-vertex. We also show 
that mdim(G) ≤ 2c (G) + 1 in all other cases. We also consider the first part of Conjecture 1, that dim(G) ≤ L (G) + 2c (G)

from [66], in the case where δ(G) = 1, and we show that it is true when L (G) ≥ 1 and otherwise we have dim(G) ≤
2c (G) + 1. We also consider the conjecture that edim(G) ≤ L (G) + 2c (G) from [66], and we show that it is true when 
δ(G) = 1 and L (G) ≥ 1, and when δ(G) ≥ 2 and G contains a cut-vertex. We also show that edim(G) ≤ 2c (G) + 1 in all 
other cases.

Thus, our results yield significant improvements towards the Conjectures 1-3, since they are shown to be true in most 
cases, and are approximated by an additive term of 1 for all graphs.

Moreover, we also resolve in the affirmative Conjecture 4.
To obtain the above results, we develop a technique from [53], who introduced it in order to study a strengthening of 

metric dimension called doubly resolving sets in the context of graphs of minimum degree 2. We notice that the technique 
can be adapted to work for all graphs and in fact it applies to many types of problems: (variants of) metric dimension, 
(variants of) geodetic sets, and path-covering problems. For all these problems, the technique yields upper bounds of the 
form a · c (G) + f (�(G)), where �(G) is the number of leaves of G , f is a linear function that depends on the respective 
problem, and a is a small constant.

The technique is based on a breadthfirst-search rooted at a specific vertex, that enables to compute an optimal feedback 
edge set F by considering the edges of the graph that are not part of the breadthfirst-search spanning tree. We then select 
vertices of the edges of F (or neighboring vertices); the way to select these vertices depends on the problem. For the metric 
dimension and path-covering problems, a pre-processing is done to handle the leaves of the graph (for the geodetic set 
variants, all leaves must be part of the solution). Our results demonstrate that the techniques used by most previous works 
to handle graphs of bounded cyclomatic number were not precise enough, and the simple technique we employ is much 
more effective. We believe that it can be used with success in similar contexts in the future.

A preliminary version of this paper (without most of the proofs) appeared in the proceedings of the FCT 2023 confer
ence [14].

Algorithmic applications For all the considered problems, our method in fact implies that the optimal solutions can be 
computed in polynomial time for graphs with bounded cyclomatic number. In other words, we obtain XP algorithms with 
respect to the cyclomatic number. This was already observed in [24] for the metric dimension (thanks to our improved 
bounds, we now obtain a better running time, however it should be noted that in [24] the more general weighted version 
of the problem was considered).

Organization We first describe the general method to compute the special feedback edge set in Section 2. We then use it 
in Section 3 for the metric dimension and its variants. We then turn to geodetic sets and its variants in Section 4, and to 
path-covering problems in Section 5. We describe the algorithmic consequence in Section 6, and conclude in Section 7.

2. The general method

The length of a path P , denoted by |P |, is the number of its vertices minus one. A path is induced if there are no graph 
edges joining non-consecutive vertices. A path is isometric if it is a shortest path between its endpoints. For two vertices 
u, v of a graph G , d (u, v) denotes the length of an isometric path between u and v . Let r be a vertex of G . An edge 
e = uv ∈ E(G) is a horizontal edge with respect to r if d (u, r) = d (v, r) (otherwise, it is a vertical edge). For a vertex u of G , let 
Br(u) denote the set of edges uv ∈ E(G) such that d (u, r) = d (v, r) + 1, i.e., the vertical edges where one endpoint is u and 
the other endpoint v is closer to r than u. A set F of edges of G is good with respect to r if F contains all horizontal edges 
with respect to r and for each u �= r, |Br(u) ∩ F | = |Br(u)| − 1. A set F of edges is simply good if F is good with respect to 
some vertex r ∈ V (G). For a set F of good edges of a graph G , let T F denote the subgraph of G obtained by removing the 
edges of F from G .

For example, consider the graph in Fig. 2. We have rooted the graph at vertex r, and the vertices at the same distance 
from r are on the same level next to each other. Drawn this way, the horizontal edges with respect to r are horizontal and 
the vertical edges are either vertical or diagonal. For example, the edge v1 v2 is a horizontal edge since the distance from r
is 3 to both of its endpoints. The vertex v3 is an endpoint to three vertical edges but no horizontal edges. The set Br(u)

consists of vertical edges whose endpoint is u and the other endpoint is a vertex on the level above u. For example, Br(v3)

consists of the two vertical edges between v3 and two of the neighbors of r. The third vertical edge incident with v3, v1 v3, 
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r 

v1 v2

v3

Fig. 2. Vertices in the same horizontal line are equidistant from the root r. The edges drawn in red indicate a set of good edges, and these edges form a 
feedback edge set. Hence, a tree is obtained by removing the red edges from the given graph.

is not included in this set since v1 is further away from r and, in fact, we have v1 v3 ∈ Br(v1). Notice that the sets Br(u)

form a partition of the vertical edges. The red edges form a good edge set with respect to r as it contains all horizontal 
edges and the required number of vertical edges.

Lemma 5. For any connected graph G with n vertices and m edges and a vertex r ∈ V (G), a set F of good edges with respect to r can 
be computed in O (n + m) time.

Proof. By doing a Breadth First Search on G from r, distances of r from u for all u ∈ V (G) can be computed in O (n + m)

time. Then the horizontal and vertical edges can be computed in O (m) time. Then the sets Br(u) for all u ∈ V (G) can be 
computed in O (n + m) time. Hence the set of good edges with respect to r can be computed in O (n + m) time. �
Lemma 6. For a set F of good edges with respect to a vertex r of a connected graph G, the subgraph T F is a tree rooted at r. Moreover, 
every path from r to a leaf of T F is an isometric path in G.

Proof. First observe that T F is connected, as each vertex u has exactly one edge uv ∈ E(T F ) with d (u, r) = d (v, r) +
1. Indeed, removing horizontal edges or edges in Br(u) does not affect the sets Br(u′) where u′ �= u. Now assume for 
contradiction that T F has a cycle C . Let v ∈ V (C) be a vertex that is furthest from r among all vertices of C . Formally, v is a 
vertex such that d (r, v) = max{d (r, w) : w ∈ V (C)}. Let E ′ denote the set of edges in T F incident with v . Observe that |E ′|
is at least two. Hence either E ′ contains an horizontal edge, or E ′ ∩ Br(v) contains at least two edges. Either case contradicts 
that F is a good edge set with respect to r. This proves the first part of the observation.

Now consider a path P from r to a leaf v of T F and write it as u1u2 . . . uk where u1 = r and uk = v . By definition, we 
have d (r, ui) = d (r, ui−1) + 1 for each i ∈ [2,k]. Hence, P is an isometric path in G . �
Observation 7. Any set F of good edges of a connected graph G is a feedback edge set of G with minimum cardinality.

Proof. Due to Lemma 6 we have that T F is a tree and therefore |F | = m − n + 1 which is same as the cardinality of a 
feedback edge set of G with minimum cardinality. �

The base graph [24] Gb of a graph G is the graph obtained from G by iteratively removing vertices of degree 1 until there 
remain no such vertices. We use the base graph in some cases where preprocessing the leaves and other tree-like structures 
is needed.

3. Metric dimension and variants

In this section, we consider three metric dimension variants and conjectures regarding them and the cyclomatic number. 
We shall use the following result.

Distinct vertices x, y are doubly resolved by v, u ∈ V (G) if d (v, x) − d (v, y) �= d (u, x) − d (u, y). A set S ⊆ V (G) is a 
doubly resolving set of G if every pair of distinct vertices of G are doubly resolved by a pair of vertices in S . Lu et al. [53] 
constructed a doubly resolving set of G with δ(G) ≥ 2 by finding a good edge set with respect to a root r ∈ V (G) using 
breadthfirst search. We state a result obtained by Lu et al. [53] using the terminologies of this paper.

Theorem 8 ([53]). Let G be a connected graph such that δ(G) ≥ 2 and r ∈ V (G). Let S ⊆ V (G) consist of r and the endpoints of the 
edges of a good edge set with respect to r.

(i) The set S is a doubly resolving set of G.
(ii) If r is a cut-vertex, then the set S \ {r} is a doubly resolving set of G.

(iii) We have |S| ≤ 2c (G) + 1.

5 
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A doubly resolving set of G is also a resolving set of G , and thus dim(G) ≤ 2c (G) + 1 when δ(G) ≥ 2 due to Theorem 8. 
Moreover, if G contains a cut-vertex and δ(G) ≥ 2, we have dim(G) ≤ 2c (G). Notice that δ(G) ≥ 2 implies that L(G) = 0. 
Therefore, Theorem 8 implies that Conjecture 1 holds for the metric dimension of a graph with δ(G) ≥ 2 and at least one 
cut-vertex. When δ(G) ≥ 2 and the graph has no cut-vertex, we are +1 away from the bound in Conjecture 1.

A doubly resolving set is not necessarily an edge resolving set or a mixed resolving set. Thus, more work is required 
to show that edge and mixed resolving sets can be constructed with good edge sets. A layer of G is a set Ld = {v ∈
V (G) | d (r, v) = d} where r is the chosen root and d is a fixed distance.

Proposition 9. Let G be a graph with δ(G) ≥ 2, and let r ∈ V (G). If the set S contains r and the endpoints of a good edge set F with 
respect to r, then S is an edge resolving set.

Proof. Suppose to the contrary that there exist distinct edges e = e1e2 and f = f1 f2 that are not resolved by S . In particular, 
we have d (r, e) = d (r, f ). Due to this, say, e1 and f1 are in the same layer Ld , and e2 and f2 are in Ld ∪ Ld+1. If e is a 
horizontal edge with respect to r, then e1, e2 ∈ S and e and f are resolved. Thus, neither e nor f is a horizontal edge with 
respect to r and we have e2, f2 ∈ Ld+1.

If e2 = f2, then e, f ∈ Br(e2). Thus, we have e2 ∈ S and at least one of e1 and f1 is also in S . Now e and f are resolved 
by e1 or f1. Therefore, we have e2 �= f2 and e2, f2 / ∈ S .

Let w ∈ V (G) be a leaf in T F such that e2 lies on a path between w and r in T F . Since δ(G) ≥ 2, the vertex w is an 
endpoint of some edge in F , and thus w ∈ S . Since e and f are not resolved by S , we have d (w, f2) = d (w, e2) = d′ −d − 1, 
where w ∈ Ld′ , due to the path between w and r being isometric (Lemma 6). Let P f be an isometric path w − f2 in G , 
and assume that P f is such that it contains an element of S as close to f2 as possible. Denote this element of S by s. We 
have s ∈ Li for some d + 1 < i ≤ d′ (notice that we may have s = w). As the edges e and f are not resolved by S , we have 
d (s, e) = d (s, f ), which implies that d (s, e2) = d (s, f2) = i − d − 1. Let P ′

e and P ′
f be isometric paths s − e2 and s − f2, 

respectively. The paths P ′
e and P ′

f are internally vertex disjoint, since otherwise the vertex after which the paths diverge 
is an element of S which contradicts the choice of P f and s. Let ve and v f be the vertices adjacent to s in P ′

e and P ′
f , 

respectively. Now, we have sve, sv f ∈ Br(s), and thus ve ∈ S (otherwise, v f ∈ S , which contradicts the choice of P f and s). 
If d (ve, e2) < d (ve, f2), then ve resolves e and f , a contradiction. Thus, we have d (ve, e2) ≥ d (ve, f2), but now there exists 
an isometric path w − f2 that contains ve , which is closer to f2 than s is, a contradiction. �
Proposition 10. Let G be a graph with δ(G) ≥ 2, and let r ∈ V (G). If the set S contains r and the endpoints of a good edge set F with 
respect to r, then S is a mixed resolving set.

Proof. The set S resolves all pairs of distinct vertices by Theorem 8 and all pairs of distinct edges by Proposition 9. Therefore 
we only need to show that all pairs consisting of a vertex and an edge are resolved.

Suppose to the contrary that v ∈ V (G) and e = e1e2 ∈ E(G) are not resolved by S . In particular, the root r does not 
resolve v and e, and thus v, e1 ∈ Ld for some d ≥ 1. If e is a horizontal edge, then e1, e2 ∈ S and e and v are resolved. Thus, 
assume that e2 ∈ Ld+1. Let w ∈ V (G) be a leaf in T F such that e2 lies on a path between w and r in T F . Since δ(G) ≥ 2, the 
vertex w is an endpoint of some edge in F , and thus w ∈ S . We have d (w, e2) = d′ − d − 1, where w ∈ Ld′ . However, now 
d (w, v) ≥ d′ − d > d (w, e2), and w resolves v and e, a contradiction. �

As pointed out in [53], if R is a doubly resolving set that contains a cut-vertex v , then the set R \ {v} is also a dou
bly resolving set. The following observation states that the same result holds for mixed resolving sets, and with certain 
constraints for (edge) resolving sets.

Observation 11. Let G be a connected graph with a cut-vertex v.

(i) Let R ⊆ V (G) be such that there are at least two connected components in G − v containing elements of R. If d (v, x) �= d (v, y)

for some x, y ∈ V (G) ∪ E(G), then there exists an element s ∈ R, s �= v, such that d (s, x) �= d (s, y).
(ii) If R ⊆ V (G) is a mixed resolving set of G, then every connected component of G − v contains at least one element of R.

(iii) If R ⊆ V (G) is a resolving set or edge resolving set of G, then at most one connected component of G − v does not contain any 
elements of R, and that component is isomorphic to Pn for some n ≥ 1.

Proof. (i) If s ∈ R is such that the isometric paths from s to x and y go through v , then we clearly have d (s, x) = d (s, v) +
d (v, x) �= d (s, v) + d (v, y) = d (s, y).

Assume that there are only two connected components G1, G2 of G − v that contain elements of R , and that x ∈
V (G1) ∪ E(G1 + v) and y ∈ V (G2) ∪ E(G2 + v). Let s1 ∈ V (G1) ∩ R and s2 ∈ V (G2) ∩ R . Suppose that d (s1, x) = d (s1, y). 
Now, d (s1, v) + d (v, y) = d (s1, x) ≤ d (s1, v) + d (v, x). Since d (v, x) �= d (v, y), we have d (v, y) < d (v, x). Consequently, 
d (s2, x) = d (s2, v) + d (v, x) > d (s2, v) + d (v, y) ≥ d (s2, y). Thus, x and y are resolved by s2.

(ii) If a connected component G ′ does not contain an element of R , then v and vx, where x ∈ V (G ′) are not resolved by 
R , a contradiction.
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(iii) Easy to see. �
The following corollary follows from Propositions 9 and 10, and Observation 11.

Corollary 12. Let G be a graph with δ(G) ≥ 2.

(i) If G contains a cut-vertex, then edim(G) ≤ 2c (G) and mdim(G) ≤ 2c (G).
(ii) If G does not contain a cut-vertex, then edim(G) ≤ 2c (G) + 1 and mdim(G) ≤ 2c (G) + 1.

When δ(G) ≥ 2, both L(G) = 0 and �(G) = 0. Thus, Corollary 12 proves that when δ(G) ≥ 2, Conjecture 1 holds for the 
edge metric dimension when G contains a cut-vertex and we are +1 away in the case where G does not contain a cut
vertex. Compared to Conjecture 2, we are either +1 or +2 away from the conjectured bound for the edge metric dimension 
depending on whether G contains a cut-vertex. As for the mixed metric dimension, Corollary 12 proves that Conjecture 3
holds when δ(G) ≥ 2 and G contains a cut-vertex. If δ(G) ≥ 2 and the graph does not contain a cut-vertex, we are +1 away 
from the conjectured bound.

We then turn our attention to graphs with δ(G) = 1. We will show that a good edge set can be used to construct a (edge, 
mixed) resolving set also in this case. Moreover, we show that Conjecture 3 holds, and Conjecture 1 holds when L (G) ≥ 1. 
We also show that dim(G) and edim(G) are at most 2c (G)+ 1 when L (G) = 0. We use the following results on trees in our 
proof.

Proposition 13 ([42]). Let T be a tree, and let R ⊆ V (T ) be the set of leaves of T . The set R is a mixed metric basis of T .

Proposition 14 ([43,45]). Let T be a tree that is not a path. If R ⊆ V (T ) is a branch-resolving set of T , then it is a resolving set and an 
edge resolving set.

Theorem 15. Let G be a connected graph that is not a tree such that δ(G) = 1. Let r ∈ V (Gb), and let S ⊆ V (Gb) contain r and the 
endpoints of a good edge set F ⊆ E(Gb) with respect to r. If R is a branch-resolving set of G, then the set R ∪ S is a resolving set and 
an edge resolving set of G. If R is the set of leaves of G, then the set R ∪ S is a mixed resolving set of G.

Proof. Let R be either a branch-resolving set of G (for the regular and edge resolving sets) or the set of leaves of G (for 
mixed metric dimension). We will show that the set R ∪ S is a (edge, mixed) resolving set of G .

The graph G − E(Gb) is a forest (note that some of the trees might be isolated vertices) where each tree contains a 
unique vertex of Gb . Let us denote these trees by T v , where v ∈ V (Gb) ∩ V (T v ).

Consider distinct x, y ∈ V (G) ∪ E(G). We will show that x and y are resolved by R ∪ S .

• Assume that x, y ∈ V (T v) ∪ E(T v) for some v ∈ V (Gb). Denote R v = (V (T v ) ∩ R) ∪ {v}. The set R v is a (edge, mixed) 
resolving set of T v by Propositions 14 and 13. If x and y are resolved by some element in R v that is not v , then we are 
done. If x and y are resolved by v , then they are resolved by any element in S \ {v}. Since G is not a tree, the set S \ {v}
is clearly nonempty, and x and y are resolved in G .

• Assume that x, y ∈ V (Gb) ∪ E(Gb). Now x and y are resolved by S due to Theorem 8, Proposition 9 or Proposition 10.
• Assume that x ∈ V (T v) ∪ E(T v) and y ∈ V (T w) ∪ E(T w) where v, w ∈ V (Gb), v �= w . The set S is a doubly resolving set 

of Gb according to Theorem 8. Thus, there exist distinct s, t ∈ S such that d (s, v) − d (s, w) �= d (t, v) − d (t, w). Suppose 
to the contrary that d (s, x) = d (s, y) and d (t, x) = d (t, y). Now we have

d (w, y) − d (v, x) = d (s, v) − d (s, w) �= d (t, v) − d (t, w) = d (w, y) − d (v, x) ,

a contradiction. Thus, s or t resolves x and y.
• Assume that x ∈ V (T v )∪ E(T v) for some v ∈ V (Gb), v �= x, and y = y1 y2 ∈ E(Gb). Suppose that d (r, x) = d (r, y). Without 

loss of generality, we may assume that d (r, y) = d (r, y1) = d. Now y1 ∈ Ld and v ∈ Ld−dx , where dx = d (v, x) ∈ {0, . . . ,d}. 
If y2 ∈ Ld , then y is a horizontal edge and y1, y2 ∈ S . Now x and y are resolved by y1 or y2. So assume that y2 ∈ Ld+1. 
Let z ∈ V (Gb) be a leaf in T F such that y2 lies on a path from r to z in T F . Since δ(Gb) ≥ 2, the vertex z is an endpoint 
of some edge in F , and thus z ∈ S . Now z ∈ Ld′ for some d′ > d + 1 and d (z, y2) = d′ − d − 1 by Lemma 6. Consequently,

d (z, x) = d (z, v) + dx ≥ d′ − (d − dx) + dx = 2dx + 1 + d (z, y2) > d (z, y) . �
Since the root r can be chosen freely, we can choose the root to be a cut-vertex in G whenever G contains cut-vertices. 

The bounds in the next corollary then follow from Observations 7 and 11, and Theorem 15.

Corollary 16. Let G be a connected graph that is not a tree such that δ(G) = 1. We have dim(G) ≤ λ(G) + 2c (G), edim(G) ≤
λ(G) + 2c (G), and mdim(G) ≤ � (G) + 2c (G),
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dim(G) ≤ λ(G) + 2c (G) , edim(G) ≤ λ(G) + 2c (G) , mdim(G) ≤ � (G) + 2c (G) ,

where λ(G) = max{L (G) ,1}.

The relationship of metric dimension and edge metric dimension has garnered a lot of attention since the edge metric 
dimension was introduced. Zubrilina [76] showed that the ratio edim(G)

dim(G) cannot be bounded from above by a constant, and 
Knor et al. [46] showed the same for the ratio dim(G) 

edim(G)
. Inspired by this, Sedlar and Škrekovski [62] conjectured that for a 

graph G �= K2, we have |dim(G)− edim(G)| ≤ c (G). This bound, if true, is tight due to the construction presented in [46]. It 
is easy to see that dim(G) ≥ λ(G) and edim(G) ≥ λ(G) (the fact that dim(G) ≥ L (G) is shown explicitly in [15], for example). 
Thus, we now obtain the bound |dim(G) − edim(G)| ≤ 2c (G) due to the bounds established in Corollaries 12 and 16.

4. Geodetic sets and variants

We now address the problems related to geodetic sets, and show that the same method can be applied in this context 
as well. Note that all leaves of a graph belong to any of its geodetic sets.

We first study geodetic sets explicitly, as this is the most well-studied notion in this area. We then address monitoring 
edge-geodetic sets and distance edge-monitoring sets, because these two notions have been studied in the literature in 
relation to the cyclomatic number and the number of leaves. Bounds for other related parameters in Fig. 1 follow from the 
result on monitoring edge-geodetic sets.

4.1. Geodetic sets

Let g (G) denote the size of a smallest geodetic set of a graph G .

Theorem 17. Let G be a connected graph. If G has a cut-vertex then g (G) ≤ 2c (G) + � (G). Otherwise, g (G) ≤ 2c (G) + 1.

Proof. Let F be a set of good edges of G with respect to a vertex r obtained by Lemma 5. When G has a cut-vertex 
then r shall be a cut-vertex. Let S be the union of the set of leaf vertices of G and the endpoints of the edges in F . If G
is biconnected then include r in S also. Clearly, |S| ≤ 2c (G) + 1 + � (G) when G is biconnected and |S| ≤ 2c (G) + � (G), 
otherwise. Due to Lemma 6, T F is a tree and let L be the set of leaf vertices of T F .

If G is biconnected, due to Lemma 6, L ∪ {r} is a geodetic set of G , and clearly (L ∪ {r}) ⊆ S . Therefore S is a geodetic set 
of G .

Otherwise, r is a cut-vertex and L ⊆ S . Consider any vertex u of G . Let Cu denote the connected component of G − {r}
containing u. Due to Lemma 6, u lies in an isometric path between r and a vertex u′ ∈ V (Cu) ∩ L. Since r is a cut-vertex 
there exists a connected component C ′ different from Cu and L ∩ V (C ′) is non-empty. Let u′′ be a vertex of L ∩ V (C ′). Clearly 
d
(
u′, u′′) = d

(
r, u′) + d

(
r, u′′). Let P ′ be the path in T F between r and u′ and P ′′ be the path in T F between r and u′′ . We 

have that P = P ′ ∪ P ′′ is an isometric path in G and contains u. Hence, the set L is a geodetic set of G , S is a geodetic set 
of G . �

The upper bound of Theorem 17 is tight when there is a cut-vertex, indeed, consider the graph formed by a disjoint 
union of k odd cycles and l paths, all identified via a single vertex. The obtained graph has cyclomatic number k, l leaves, 
and geodetic number 2k + l. Observe that any odd cycle has geodetic number 3 and cyclomatic number 1, so the bound 
g (G) ≤ 2c (G) + 1 is tight when there is no cut-vertex in the graph. However, we do not know the best possible bound 
for 2-connected graphs with arbitrarily large values of c(G). The graph Gk obtained from K2,k by adding an edge between 
the two vertices of degree k is 2-connected, has cyclomatic number k and geodetic number k. We do not know a family of 
2-connected graphs of arbitrarily large cyclomatic number whose geodetic number is closer to twice the cyclomatic number 
and leave this as an open problem.

4.2. Monitoring edge-geodetic sets

Let meg (G) denote the size of a smallest monitoring edge-geodetic set of a graph G . It was proved in [33] that meg (G) ≤
9c (G)+� (G)−8 for every graph G , and some graphs were constructed for which meg (G) = 3c (G)+� (G). We next improve 
the former upper bound, therefore showing that the latter construction is essentially best possible.

Theorem 18. For any graph G, we have meg (G) ≤ 3c (G) + � (G) + 1. If G contains a cut-vertex, then meg (G) ≤ 3c (G) + � (G).

Proof. It is not hard to check that when G is a tree, we have meg (G) = � (G) [33]. Let us thus assume that c (G) ≥ 1.
We will first show the bound meg (G) ≤ 3c (G) + � (G) + 1. We say that an edge e is monitored by a set S if there are 

two vertices x, y of S such that e lies on all isometric paths between x and y; S is thus a monitoring edge-geodetic set of 
G if it monitors all edges of G .
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Let r be an arbitrary vertex of G that belongs to some cycle of G , and let F be a good set of edges (with respect to r) 
obtained through Lemma 5. We construct a set S as follows: r belongs to S , all leaves of G belong to S , and for each edge 
of F , both its endpoints belong to S . Moreover, for each vertex u of G with |Br(u)| ≥ 2, we add to S all endpoints of the 
edges of Br(u) (not just the |Br(u)| − 1 ones that are in F ).

It is clear that we have |S| ≤ 3|F | + � (G) + 1, since we add to S at most two vertices for each edge in F , with an 
additional vertex whenever there is a vertical edge in F (this can only happen |F | times). By Observation 7, we have 
|F | ≤ c (G), and so |S| ≤ 3c (G) + � (G) + 1.

We now show that S is a monitoring edge-geodetic set. Let e = uv be an edge of G . If both endpoints u, v of e are in S , 
then e is clearly monitored by them. In particular, this is the case if e is horizontal with respect to r.

Assume that e has at most one endpoint in S . Thus e is vertical with respect to r, and e is also an edge in T F . Let us 
consider the tree T F further, and remove the additional edges of the sets Br(w) whose endpoints we added to S , i.e. all 
edges in some Br(w) where |Br(w)| ≥ 2. The resulting graph is a forest where each tree can be rooted in a natural way by 
following the structure of T F when the root is r. Of these trees, every root and every leaf are in S . Moreover, the edge e is 
an edge in one such tree. Consider a leaf l and a root r′ of one tree T . Now there is in fact a unique isometric path between 
l and r′ in G , and this path is completely contained in T (otherwise, there is a vertical edge whose endpoints we added to 
S in the path between l and r′ in T , and l is not in the same tree as r′ , a contradiction). Thus, e is monitored by a leaf and 
the root of the tree that contains e.

Assume then that G contains a cut-vertex. Since the root r can be arbitrarily, we can choose r to be a cut-vertex. Now 
the set S \ {r} is a monitoring edge-geodetic set. Indeed, if r and u ∈ S monitor an edge e, then e is also monitored by 
u and v ∈ S where v is in a different connected component of G − r as u. Thus, when G contains a cut-vertex, we have 
meg (G) ≤ 3c (G) + � (G). �
4.3. Distance-edge-monitoring-sets

We now turn our attention to distance-edge-monitoring-sets and prove Conjecture 4. Let dem (G) denote the size of a 
smallest distance-edge-monitoring set of a graph G . We shall use the following lemma.

Lemma 19 ([30, Observation 4]). For any graph G, any distance-edge-monitoring-set of its base graph Gb is also one of G.

Theorem 20. For any connected graph G, dem (G) ≤ c (G) + 1.

Proof. We say that an edge e is monitored by a set S if there are two vertices x ∈ S and y ∈ V (G) such that e lies on all 
isometric paths between x and y; S is thus a monitoring edge-geodetic set of G if it monitors all edges of G .

The statement is true when c (G) ≤ 2 by [30], so we can assume G is not a tree. By Lemma 19, we may assume G has 
minimum degree at least 2.

Let r be an arbitrary vertex of G , and let F be a good set of edges (with respect to r) obtained through Lemma 5. We 
construct a set S as follows: r belongs to S , and for each edge of F , one of its endpoints belongs to S; if the edge is vertical 
with respect to r, we choose the endpoint that is farthest from r; if it is horizontal, we choose any of the two endpoints.

It is clear that |S| ≤ c (G) + 1, as |S| ≤ |F | + 1 and |F | ≤ c (G) by Observation 7. We next show that S is distance-edge
monitoring.

Let e = uv be an edge of G . If e is an edge of F , it is monitored by S , since one of its endpoints is in S . Thus, we 
can assume that e is not in F . Hence, it is vertical with respect to r, and we assume without loss of generality that 
d (u, r) = d (v, r) + 1. Since e is not in F , we have |Br(u)| = 1. Thus, all isometric paths from u to r go through e, and hence 
e is monitored by S . Thus all edges are monitored by S , which establishes the claim. �
5. Path covers/partitions and variants

In this section, we consider the path covering and partition problems. We focus on isometric path edge-covers (sets of 
isometric paths that cover all edges of the graph) and on isometric path partitions (sets of isometric paths that partition the 
vertex set of the graph). Indeed, those have the most restrictive definitions and the obtained bounds thus hold for the other 
related path covering/partition problems from Fig. 1. We denote by isopec (G) and by isopp (G), respectively, the smallest 
size of an isometric path edge-cover and isometric path (vertex-)partition, respectively.

5.1. Isometric path edge-cover

Theorem 21. For any graph G, isopec (G) ≤ 3c (G) + �(� (G) + 1)/2�.

Proof. We construct a set S of paths as follows. Consider the base graph Gb of G , let r be an arbitrary vertex of Gb , and 
let F be a good set of edges of Gb (with respect to r) obtained by Lemma 5. For each horizontal edge xy of F , we add it 
(as a path) to S , as well as an isometric path from x to r and one from y to r. For each vertex v with |Br(v)| ≥ 2, we add 
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to S , |Br(v)| isometric paths from v to r, each starting with a different edge from Br(v). Finally, if G contains some leaves, 
we consider the set L′ formed by the set L of leaves of G , together with the vertex r, and an arbitrary pairing of L′ , of size 
�(� (G)+1)/2�, such that each vertex of L′ is paired with some other one (if � (G)+1 is odd, one vertex of L′ may be paired 
with two vertices, but all others are paired with one only).

Consider a set S ′ of �(� (G) + 1)/2� isometric paths between each two mutually paired vertices of L′ . We incrementally 
modify the pairing as follows. If all edges of G − E(Gb) are covered by S ′ , we do nothing. Otherwise, assume some edge e
of G − E(Gb) is not covered by a path of S ′ . Note that G − E(Gb) is a forest, and e is a bridge of G , with one component of 
G − e containing at least one leaf, and one component containing r. Since that leaf and r are paired vertices in L′ but e is 
not covered by the isometric paths in S ′ , there must exist two pairs {a,b} and {c,d} of paired vertices of L′ , each pair being 
in one component of G − e, say a and b are in a tree component of G − e and c,d are in the same component as r. We 
modify the pairing of L′ by replacing {a,b} and {c,d} by {a, c} and {b,d}, and we claim that the isometric paths induced 
by this new pairing cover the same edges from G − E(Gb) as before, and also, the edge e. Indeed, as G − E(Gb) is a forest 
(and each component of G − E(Gb) has a unique vertex with neighbors in Gb), any isometric path (in G) from a leaf to any 
vertex of the same component of G − E(Gb) is unique. Thus, the a − b isometric path is unique, and any isometric path 
from a to c (and from b to d) goes through e. Hence, the union of any two such isometric paths contains the edges of the 
a − b path. A similar argument holds for the path from c to d. Thus, we continue this process until all edges of G − E(Gb)

are covered by S ′ , increasing the number of covered edges at each step. Finally, we add S ′ to S .
It is clear that S contains only isometric paths, by construction; moreover, |S| ≤ 3c (G) + �(� (G) + 1)/2� because we add 

at most three paths to S for each edge of F in the first steps of the construction, and the last step of the construction adds 
�(� (G) + 1)/2� additional paths to S . It remains to show that S covers all edges of G . Let e be an edge. If e is an edge of 
G − E(Gb), by the last part of the construction of S , e is covered by some isometric path between two vertices of L′ . If e is 
a horizontal edge with respect to r, then e itself is a path of S , so e is covered. If e is a vertical edge with respect to r and 
e belongs to Gb , then there must be a vertex w of Gb with |Br(w)| ≥ 2 and e lies on an isometric path from w to r. Let w
be chosen so as to be the closest to e, among all such vertices. Then, we have selected some isometric path from w to r in 
the first step of the construction, each containing a distinct edge of Br(w). By the choice of w , one such path from w to r
goes through e, and thus e is covered. �

The upper bound of Theorem 21 is nearly tight, indeed, consider (again) the graph formed by a disjoint union of k odd 
cycles and l paths, all identified via a single vertex. The obtained graph has cyclomatic number k, l leaves, and isometric 
path edge-cover number 3k + �l/2�.

5.2. Isometric path partition

Theorem 22. For any graph G, isopp (G) ≤ 2c (G) + � (G).

Proof. The proof is similar to the one of Theorem 21, except that it is not necessary to consider the base graph. Consider an 
arbitrary vertex r of G , and let F be a good set of edges of G (with respect to r) obtained by Lemma 5. We construct a set 
S of isometric vertex-disjoint paths as follows. Initially, S = ∅. For each horizontal edge xy of F , we consider an isometric 
path P x from x to r and an isometric path P y from y to r. We first add to S the maximal subpath of P x (starting at r), that 
does not overlap with any path already in S . Then, we do the same for P y . Similarly, for each vertex v with |Br(v)| ≥ 2, we 
let Nv be the set of vertices u with uv ∈ Br(v). We consider an arbitrary isometric path from v to r (it goes through some 
vertex, say u0, of Nv ). Then, for every vertex u ∈ Nv \ {u0}, we sequentially consider an isometric path Pu from u to r. We 
proceed as before for each of these paths: we add to S a maximal subpath of P x starting at x, that does not intersect any 
path already in S . Finally, for every leaf v of G , we again consider an isometric path from v to r, and select its maximal 
subpath (starting from v) that does not intersect any other path in P .

We have added at most 2c (G) + �(G) paths to S (at most two for every edge in F and at most one for every leaf). By 
construction, S contains only isometric paths, and they are pairwise vertex-disjoint. By similar arguments as in the proof 
of Theorem 21, every vertex is covered by a path of S , and so we have obtained an isometric path partition of the desired 
size. �

Once again, the bound is nearly tight by the same graph formed by a disjoint union of k odd cycles (each of length 
at least 5) and l paths, all identified via a single vertex. It has cyclomatic number k, l leaves, and isometric path partition 
number 2k + l − 1.

We remark that for many graphs, the bound of �(G) to cover the leaves of the graph in the above theorem is not 
necessarily tight. Indeed, for some trees, one may have an (isometric) path partition of size �� (G) /2�: consider for example 
a path Pt on t ≥ 3 vertices and for each of its t − 2 internal vertices, say v , attach a copy of P3 whose central vertex is 
made adjacent to v . This tree has 2t − 2 leaves and a path partition of size t − 1.

In fact, it is known that one gets a more precise (always tight) bound for the path partition number of a tree by 
considering its scattering number, see [39].

10 
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6. Algorithmic consequences

As mentioned in the introduction, for many of the problems studied here, there are no efficient algorithms for graphs 
of bounded treewidth: for example, it is NP-hard to compute the metric dimension or the geodetic number of graphs of 
constant treewidth (in fact, even pathwidth) [50,68]. The complexity of the strong geodetic set problem with respect to 
treewidth is unknown [21].

Recall that the treewidth is at most the cyclomatic number plus one. Next, we show that for the vertex-subset problems 
studied in this paper, our bounds imply polynomial-time (XP) algorithms for graphs of bounded cyclomatic number, thus 
partially answering some algorithmic open problems in this area.

Theorem 23. For all the variants of geodetic sets and metric dimension considered in this paper, if we have an upper bound on the 
solution size of a · c (G) + f (� (G)) for some a ∈N , we obtain an algorithm with running time O (na·c(G)) on graphs G of order n.

Proof. The algorithm needs to pre-process the leaves and compute a subset of the leaves of size f (� (G)). This can be done 
in polynomial time for all the considered problems. For geodetic set types of problems, one simply selects all the leaves 
(for distance-edge-monitoring sets, we must not select any leaf). This can be done in time O (n + c (G)) = O (n2). For metric 
dimension related problems, one has to compute the structural shape of the leaves; this can be done in time O (n + c (G))

as well, see for example [24,45].
After that (and noting that selecting f (� (G)) leaves of G is necessary in each of the considered problems), the proofs of 

our bounds show that a · c (G) are sufficient to extend the chosen leaf subset to a solution. It thus suffices to iterate over all 
possible subsets of vertices of size at most a · c (G): consider this as a potential solution, and add the required set of leaves 
to the solution, and check whether it is a valid solution. This yields the desired running time. �
7. Conclusion

We have demonstrated that a simple technique based on breadthfirst-search is very efficient to obtain bounds for many 
distance-based covering problems, when the cyclomatic number and the number of leaves are considered. This resolves 
or advances several open problems and conjectures from the literature on this type of problems. There remain some gaps 
between the obtained bounds and the conjectures or known constructions, that still need to be closed. Moreover, in some 
cases, obtaining the best possible upper bound for 2-connected graphs of arbitrarily large cyclomatic number is also an 
interesting open problem, for example for the geodetic number and the monitoring-edge geodetic number.

A refinement of the cyclomatic number of a (connected) graph G is called its max leaf number, which is the maximum 
number of leaves in a spanning tree of G . It is known that the cyclomatic number is always upper-bounded by a quadratic 
function of the max leaf number plus the number of leaves [22], so, all our bounds also imply bounds using the max leaf 
number only.

Regarding the algorithmic applications, we note that the XP algorithms described in Theorem 23 can sometimes be 
improved to obtain an FPT algorithm. This is the case for geodetic sets [44], but whether this is possible for the metric 
dimension remains a major open problem [22,44] (this is however shown to be possible for the larger parameter ``max leaf 
number'' [22]).

Also, we leave open whether similar algorithms can be obtained for the path covering/partition problems studied here. 
As one has to decide where the paths go through, it seems a little bit more difficult to design such an algorithm than for 
the vertex-subset problems. This would be quite interesting, as the complexity of the isometric path cover problem with 
respect to treewidth is unknown [21].

We have not been exhaustive. There might be other distance-based covering problems for which the same approach can 
be used. For example, this is the case for the problem of geodesic-transversal [56] (also called maximal shortest path cover 
in [61]): a set S of vertices of a graph G such that every maximal isometric path of G contains a vertex of S .

Another distance-related problem which has been studied in relation with the cyclomatic number is the edge-tracking 
path problem [16], a variant of the more studied (vertex)-tracking path problem [5,16,23]. It is shown in [16] that the edge
tracking path problem can be reduced to essentially finding a feedback edge set of the graph. This result also implies that 
the size of an optimal (vertex)-tracking path set is at most twice the cyclomatic number. Note that, however, the tracking 
path problem is known to be efficiently solvable for graphs of bounded treewidth [23], hence it behaves differently from 
most problems studied here.

For other distance-based parameters, the type of bounds that are studied here do not hold. For example, this is the case 
for strong metric dimension, that is more constrained than the metric dimension: a solution requires half of the vertices for 
any cycle graph [59] (which has cyclomatic number 1).

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have 
appeared to influence the work reported in this paper.

11 



D. Chakraborty, F. Foucaud and A. Hakanen Discrete Mathematics 348 (2025) 114595 

Data availability

No data was used for the research described in the article.

References

[1] L. Alcon, M. Gutierrez, C. Hernando, M. Mora, I.M. Pelayo, The neighbor-locating-chromatic number of trees and unicyclic graphs, Discuss. Math., Graph 
Theory 43 (3) (2023) 659--675.

[2] G. Andreatta, F. Mason, Path covering problems and testing of printed circuits, Discrete Appl. Math. 62 (1) (1995) 5--13.
[3] A. Arokiaraj, S. Klavžar, P.D. Manuel, E. Thomas, A. Xavier, Strong geodetic problems in networks, Discuss. Math., Graph Theory 40 (1) (2020) 307--321.
[4] M. Atici, On the edge geodetic number of a graph, Int. J. Comput. Math. 80 (7) (2003) 853--861.
[5] A. Banik, M.J. Katz, E. Packer, M. Simakov, Tracking paths, Discrete Appl. Math. 282 (2020) 22--34.
[6] C. Berge, Graphs and Hypergraphs, North-Holland Publishing Company, 1973.
[7] C. Berge, Path partitions in directed graphs, in: North-Holland Mathematics Studies, vol. 75, Elsevier, 1983, pp. 59--63.
[8] B. Bergougnoux, O. Defrain, F. McInerney, Enumerating minimal solution sets for metric graph problems, Algorithmica (2025).
[9] D. Bilò, G. Colli, L. Forlizzi, S. Leucci, On the inapproximability of finding minimum monitoring edge-geodetic sets, 2024.

[10] N. Bousquet, Q. Deschamps, A. Parreau, I.M. Pelayo, Metric dimension on sparse graphs and its applications to zero forcing sets, arXiv eprint, https://
arxiv.org/abs/2111.07845, 2021.

[11] M. Cáceres, M. Cairo, B. Mumey, R. Rizzi, A.I. Tomescu, Sparsifying, shrinking and splicing for minimum path cover in parameterized linear time, in: 
Proceedings of SODA 2022, SIAM, 2022, pp. 359--376.

[12] D. Chakraborty, J. Chalopin, F. Foucaud, Y. Vaxès, Isometric path complexity of graphs, in: J. Leroux, S. Lombardy, D. Peleg (Eds.), 48th International 
Symposium on Mathematical Foundations of Computer Science, MFCS 2023, August 28 to September 1, 2023, Bordeaux, France, in: LIPIcs, vol. 272, 
Schloss Dagstuhl - Leibniz-Zentrum für Informatik, 2023, 32.

[13] D. Chakraborty, A. Dailly, S. Das, F. Foucaud, H. Gahlawat, S.K. Ghosh, Complexity and algorithms for isometric path cover on chordal graphs and 
beyond, in: Proceedings of ISAAC 2022, in: LIPIcs, vol. 248, 2022, 12.

[14] D. Chakraborty, F. Foucaud, A. Hakanen, Distance-based covering problems for graphs of given cyclomatic number, in: H. Fernau, K. Jansen (Eds.), 
Fundamentals of Computation Theory - 24th International Symposium, FCT 2023, Trier, Germany, September 18-21, 2023, Proceedings, in: Lecture 
Notes in Computer Science, vol. 14292, Springer, 2023, pp. 132--146.

[15] G. Chartrand, L. Eroh, M.A. Johnson, O. Oellermann, Resolvability in graphs and the metric dimension of a graph, Discrete Appl. Math. 105 (1--3) (2000) 
99--113.

[16] P. Choudhary, Polynomial time algorithms for tracking path problems, Algorithmica 84 (6) (2022) 1548--1570.
[17] D. Coppersmith, U. Vishkin, Solving NP-hard problems in ‘almost trees’: vertex cover, Discrete Appl. Math. 10 (1) (1985) 27--45.
[18] B. Courcelle, The monadic second-order logic of graphs. I. Recognizable sets of finite graphs, Inf. Comput. 85 (1) (1990) 12--75.
[19] E.D. Demaine, D. Eppstein, A. Hesterberg, K. Jain, A. Lubiw, R. Uehara, Y. Uno, Reconfiguring undirected paths, in: Z. Friggstad, J. Sack, M.R. Salavatipour 

(Eds.), Algorithms and Data Structures - 16th International Symposium, WADS 2019, Edmonton, AB, Canada, August 5-7, 2019, Proceedings, in: Lecture 
Notes in Computer Science, vol. 11646, Springer, 2019, pp. 353--365.

[20] S.R. Dev, S. Dey, F. Foucaud, N. Krishna, L.R. Sulochana, Monitoring edge-geodetic sets in graphs, arXiv eprint, https://arxiv.org/abs/2210.03774, 2023.
[21] M. Dumas, F. Foucaud, A. Perez, I. Todinca, On graphs coverable by k shortest paths, SIAM J. Discrete Math. 38 (2) (2024) 1840--1862.
[22] D. Eppstein, Metric dimension parameterized by max leaf number, J. Graph Algorithms Appl. 19 (1) (2015) 313--323.
[23] D. Eppstein, M.T. Goodrich, J.A. Liu, P. Matias, Tracking paths in planar graphs, in: P. Lu, G. Zhang (Eds.), 30th International Symposium on Algorithms 

and Computation, ISAAC 2019, December 8-11, 2019, Shanghai University of Finance and Economics, Shanghai, China, in: LIPIcs, vol. 149, Schloss 
Dagstuhl - Leibniz-Zentrum für Informatik, 2019, 54.

[24] L. Epstein, A. Levin, G.J. Woeginger, The (weighted) metric dimension of graphs: hard and easy cases, Algorithmica 72 (4) (2015) 1130--1171.
[25] H. Fernau, F. Foucaud, K. Mann, U. Padariya, K.N.R. Rao, Parameterizing path partitions, Theor. Comput. Sci. 1028 (2025) 115029.
[26] J. Fiala, T. Kloks, J. Kratochvíl, Fixed-parameter complexity of λ-labelings, in: Selected Papers: 12th Workshop on Graph-Theoretic Concepts in Computer 

Science, Discrete Appl. Math. 113 (1) (2001) 59--72.
[27] D.C. Fisher, S.L. Fitzpatrick, The isometric number of a graph, J. Comb. Math. Comb. Comput. 38 (1) (2001) 97--110.
[28] F. Foucaud, E. Galby, L. Khazaliya, S. Li, F.M. Inerney, R. Sharma, P. Tale, Problems in NP can admit double-exponential lower bounds when parameterized 

by treewidth or vertex cover, in: 51st International Colloquium on Automata, Languages, and Programming, ICALP 2024, in: LIPIcs, vol. 297, Schloss 
Dagstuhl - Leibniz-Zentrum für Informatik, 2024.

[29] F. Foucaud, E. Galby, L. Khazaliya, S. Li, F.M. Inerney, R. Sharma, P. Tale, Metric dimension and geodetic set parameterized by vertex cover, in: O. 
Beyersdorff, M. Pilipczuk, E. Pimentel, K.T. Nguyen (Eds.), 42nd International Symposium on Theoretical Aspects of Computer Science, STACS 2025, 
Jena, Germany, March 4--7, 2025, in: LIPIcs, vol. 327, Schloss Dagstuhl - Leibniz-Zentrum für Informatik, 2025, pp. 33:1--33:20.

[30] F. Foucaud, S. Kao, R. Klasing, M. Miller, J. Ryan, Monitoring the edges of a graph using distances, Discrete Appl. Math. 319 (2022) 424--438.
[31] F. Foucaud, R. Klasing, M. Miller, J. Ryan, Monitoring the edges of a graph using distances, in: M. Changat, S. Das (Eds.), Proceedings of CALDAM 2020, 

in: Lecture Notes in Computer Science, vol. 12016, 2020, pp. 28--40.
[32] F. Foucaud, P. Marcille, Z.M. Myint, R.B. Sandeep, S. Sen, S. Taruni, Monitoring edge-geodetic sets in graphs: extremal graphs, bounds, complexity, in: 

S. Kalyanasundaram, A. Maheshwari (Eds.), Algorithms and Discrete Applied Mathematics - 10th International Conference, CALDAM 2024, Bhilai, India, 
February 15-17, 2024, Proceedings, in: Lecture Notes in Computer Science, vol. 14508, Springer, 2024, pp. 29--43.

[33] F. Foucaud, K. Narayanan, L.R. Sulochana, Monitoring edge-geodetic sets in graphs, in: A. Bagchi, R. Muthu (Eds.), Proceedings of CALDAM 2023, in: 
Lecture Notes in Computer Science, vol. 13947, 2023, pp. 245--256.

[34] T. Gallai, A.N. Milgram, Verallgemeinerung eines graphentheoretischen Satzes von Rédei, Acta Sci. Math. 21 (3--4) (1960) 181--186.
[35] F. Harary, E. Loukakis, C. Tsouros, The geodetic number of a graph, Math. Comput. Model. 17 (11) (1993) 89--95.
[36] F. Harary, R. Melter, On the metric dimension of a graph, Ars Comb. 2 (1976) 191--195.
[37] J. Haslegrave, Monitoring edge-geodetic sets: hardness and graph products, Discrete Appl. Math. 340 (2023) 79--84.
[38] Z. Ji, R. Klasing, W. Li, Y. Mao, X. Zhang, Erdös-Gallai-type problems for distance-edge-monitoring numbers, Discrete Appl. Math. 342 (2024) 275--285.
[39] H. Jung, On a class of posets and the corresponding comparability graphs, J. Comb. Theory, Ser. B 24 (2) (1978) 125--133.
[40] I. Katsikarelis, M. Lampis, V.T. Paschos, Structural parameters, tight bounds, and approximation for (k, r)-center, Discrete Appl. Math. 264 (2019) 90--117.
[41] I. Katsikarelis, M. Lampis, V.T. Paschos, Structurally parameterized d-scattered set, Discrete Appl. Math. 308 (2022) 168--186.
[42] A. Kelenc, D. Kuziak, A. Taranenko, I.G. Yero, Mixed metric dimension of graphs, Appl. Math. Comput. 314 (2017) 429--438.
[43] A. Kelenc, N. Tratnik, I.G. Yero, Uniquely identifying the edges of a graph: the edge metric dimension, Discrete Appl. Math. 251 (2018) 204--220.
[44] L. Kellerhals, T. Koana, Parameterized complexity of geodetic set, J. Graph Algorithms Appl. 26 (4) (2022) 401--419.
[45] S. Khuller, B. Raghavachari, A. Rosenfeld, Landmarks in graphs, Discrete Appl. Math. 70 (3) (1996) 217--229.

12 

http://refhub.elsevier.com/S0012-365X(25)00203-1/bibF3398547E21E116EF75B1BEC2D446482s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibF3398547E21E116EF75B1BEC2D446482s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib17A365CA044D461510EB79D6CBE8207Bs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib90253361DFF337FC27E1C41CC30BE789s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib7F6FA29EFDA216AA4C7395352BC0EFC6s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibC97B8C502BED39BA2B6EAB8621F44D3As1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib1AF110B277BDDC8996455E2D7877A17Fs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibDCECB74B3EF74CD27F4B85010E840628s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibFE126B98C436FC4BF1F12CB900DEF094s1
https://arxiv.org/abs/2111.07845
https://arxiv.org/abs/2111.07845
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib041F2F931A2C235B78D1A620D9D68434s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib041F2F931A2C235B78D1A620D9D68434s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib24854E8B0D38C5CC540728CC99569C77s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib24854E8B0D38C5CC540728CC99569C77s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib24854E8B0D38C5CC540728CC99569C77s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibD46E784127B82DB11FFBE8AC567442FCs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibD46E784127B82DB11FFBE8AC567442FCs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibED810212FC0112478CAE526B9B207E36s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibED810212FC0112478CAE526B9B207E36s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibED810212FC0112478CAE526B9B207E36s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib8B7292CAA2D0456569EB3CD99AF39129s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib8B7292CAA2D0456569EB3CD99AF39129s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibFF08F0D692CEF2F2BFA1E9CECA2EFBF8s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib76E2BCE53B35D1AFA52380FAEEEE1ADBs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibD5C84DBED18156B748FCA44BB46A0295s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib18FF3630D2D0CF7FEE9F76B0668F016Cs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib18FF3630D2D0CF7FEE9F76B0668F016Cs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib18FF3630D2D0CF7FEE9F76B0668F016Cs1
https://arxiv.org/abs/2210.03774
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib51984F670C3DA62837EE427D2F574D2As1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibD4D8A7B11789B71C40F69517E65F31D2s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib9ED285A3D27970FA757E6E0C96349287s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib9ED285A3D27970FA757E6E0C96349287s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib9ED285A3D27970FA757E6E0C96349287s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib69D72E3C15B3F0E4BF674194B6287FC2s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibB55E74D4007B674B329D70F5550028BAs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib2EBB414F4FEEA80B4606563D18A24A3Fs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib2EBB414F4FEEA80B4606563D18A24A3Fs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibC8660C6D72E7323867EC800D6BB953DFs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibD44813F5D4C2800A7D336E363A8EA6FDs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibD44813F5D4C2800A7D336E363A8EA6FDs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibD44813F5D4C2800A7D336E363A8EA6FDs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib664F1250066B9B4670082D7BF1EF5CA6s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib664F1250066B9B4670082D7BF1EF5CA6s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib664F1250066B9B4670082D7BF1EF5CA6s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib021B7A3F990B4D6E6F9B61E78072C26Ds1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib9F4812181BB2E3638B9CD6F8EB117A81s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib9F4812181BB2E3638B9CD6F8EB117A81s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibFC39A54C03B2E5CFA7807A2BE01533D9s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibFC39A54C03B2E5CFA7807A2BE01533D9s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibFC39A54C03B2E5CFA7807A2BE01533D9s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib1CE3A4D31FF3D63F0BCB90AEA304400Bs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib1CE3A4D31FF3D63F0BCB90AEA304400Bs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib8ED179CB11DEBEF91359A2B8D17DCB18s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib71A75A167C33C58BFB561764255C880As1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibF259704B5C3BBC6D5C67CC43C17601DEs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib43863B22D8B1A30A4E4541A7979861A5s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib1C74C165A36E9E6C8B9179A12455E772s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib4359DC876563BC5E6A054DE7C59F5CCEs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib0BB976BA7782D171505E0B1DD6264732s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib3B34E7AD0887117CB6CAB478D32FB2FCs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibB5D718E7478B3CA33E1860BBF2373E17s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bib3A0E5B40CA01127C093CB17CEE419010s1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibDDAD0E99EFA054FF959803FB2F6D12BCs1
http://refhub.elsevier.com/S0012-365X(25)00203-1/bibBD4F1C5CCED5995BF217143C92D29510s1


D. Chakraborty, F. Foucaud and A. Hakanen Discrete Mathematics 348 (2025) 114595 
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