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1. Introduction

Finding properties of graph classes that can be exploited to develop efficient algorithms is a popular direction of research
in graph theory. It has motivated researchers to define varieties of graph parameters, study their combinatorial properties,
and develop efficient algorithms based on them. Identifying graph classes where these parameters are bounded is also
fundamental to establish their relevance. Some of them are bounded for seemingly unrelated classes, e.g. mim-width [4,25]
or twin-width [6], showing unexpected structural similarities between these classes. In this paper, we study the isometric
path complexity that is initially motivated by an algorithmic application. We show that it can be computed in polynomial
time and that it is bounded on three graph classes studied in different research areas in graph theory.
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Fig. 1. Inclusion diagram for graph classes. If a class A has an upward path to class B, then A is included in B. Constant bounds for the isometric path
complexity on graph classes marked with * are contributions of this paper.
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The isometric path cover problem. Recently, Chakraborty et al. [10] introduced a parameter called isometric path antichain
cover number of a graph G, denoted as ipacc (G) (see Definition 6) in the context of an algorithmic problem known as the
[SOMETRIC PATH COVER.

A path is isometric if it is a shortest path between its endpoints.* An isometric path cover of a graph G is a set of isometric
paths such that each vertex of G belongs to at least one of the paths. The isometric path number of G is the smallest size of
an isometric path cover of G. Given a graph G and an integer k, the objective of ISOMETRIC PATH COVER is to decide if there
exists an isometric path cover of cardinality at most k.

IsoMETRIC PATH COVER has been introduced and studied in the context of pursuit-evasion games [2,3]. However, until
recently the algorithmic aspects of IsoMETRIC PATH COoVER remained unexplored. After proving that ISOMETRIC PATH COVER
remains NP-hard on chordal graphs (graphs without any induced cycle of length at least 4), Chakraborty et al. [10] pro-
vided constant-factor approximation algorithms for many graph classes, including interval graphs, chordal graphs, and more
generally, graphs with bounded treelength. The authors proved the bound on the approximation ratio by showing that the
isometric path antichain cover number of the above graph classes is bounded by a constant. Specifically, they proved that
(i) when ipacc (G) is bounded by a constant, IsoMETRIC PATH COVER admits a constant-factor approximation algorithm on G;
and (ii) the isometric path antichain cover number of graphs with bounded treelength is bounded.

Our objectives. The objective of this paper is three-fold: (A) provide a more intuitive definition of isometric path antichain
cover number; (B) provide a polynomial-time algorithm to compute ipacc (G); and (C) prove that it remains bounded for
seemingly unrelated graph classes. Along the way, we also extend the horizon of approximability of ISOMETRIC PATH COVER. To
achieve (A) we introduce the following new metric graph parameter, that we will show to be always equal to the isometric
path antichain cover number, and whose definition is simpler.

Definition 1. Given a graph G and a vertex v of G, a set S of isometric paths of G is v-rooted if v is one of the endpoints
of all the isometric paths in S. The isometric path complexity of a graph G, denoted by ipco (G), is the minimum integer k
such that there exists a vertex v € V(G) satisfying the following property: the vertices of any isometric path P of G can be
covered by k many v-rooted isometric paths.

A consequence of Dilworth’s theorem [21] is that for any graph G, ipacc (G) = ipco (G) (see Lemma 7). We will give a
polynomial-time algorithm to compute ipco (G), and therefore ipacc (G) for an arbitrary undirected graph G. This achieves
(B).

Finally, to achieve (C), we consider the following three seemingly unrelated graph classes, namely, 8-hyperbolic graphs,
(theta, prism, pyramid)-free graphs and outerstring graphs, and show that their isometric path complexity is bounded by a
constant. (See Fig. 1.)

S-hyperbolic graphs: A graph G is said to be §-hyperbolic [24] if for any four vertices u, v, x, y, the two larger of the three
distance sums d(u, v) +d(x, y), d(u,x) +d(v,y) and d (u, y) +d (v, x) differ by at most 25. A graph class G is hyperbolic if
there exists a constant § such that every graph G € G is §-hyperbolic. This parameter comes from geometric group theory

4 Sometimes isometric paths are also referred to as geodesic paths in the literature.
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and was first introduced by Gromov [24] in order to study groups via their Cayley graphs. The hyperbolicity of a tree is O,
and in general, the hyperbolicity measures how much the distance function of a graph deviates from a tree metric. Many
structurally defined graph classes like chordal graphs, cocomparability graphs [16], asteroidal-triple free graphs [17], graphs
with bounded chordality or treelength are hyperbolic [11,27]. Moreover, hyperbolicity has been found to capture important
properties of several large practical graphs such as the Internet graph [30] or database relation graphs [34]. Due to its
importance in discrete mathematics, algorithms, metric graph theory, researchers have studied various algorithmic aspects
of hyperbolic graphs [11,18,13,19]. Note that graphs with diameter 2 are hyperbolic, which may contain any graph as an
induced subgraph.

(theta, prism, pyramid)-free graphs: A theta is a graph made of three vertex-disjoint induced paths Py =a...b, P» =a...b,
P3 =a...b of lengths at least 2, and such that no edges exist between the paths except the three edges incident to a and
the three edges incident to b. A pyramid is a graph made of three induced paths Py =a...by, P2 =a...by, P3=a...bs, two
of which have lengths at least 2, vertex-disjoint except at a, and such that bib,b3 is a triangle and no edges exist between
the paths except those of the triangle and the three edges incident to a. A prism is a graph made of three vertex-disjoint
induced paths Py =ay...b1, P2 =ay...by, P3 =as...b3 of lengths at least 1, such that ayayas and bibyb3 are triangles
and no edges exist between the paths except those of the two triangles. A graph G is (theta, pyramid, prism)-free if G does
not contain any induced subgraph isomorphic to a theta, pyramid or prism. A graph is a 3-path configuration if it is a theta,
pyramid or prism. The study of 3-path configurations dates back to the works of Watkins and Meisner [35] in 1967 and
plays “special roles” in the proof of the celebrated Strong Perfect Graph Theorem [14]. Important graph classes like chordal
graphs, circular arc graphs, universally-signable graphs [15] exclude all 3-path configurations. Popular graph classes like perfect
graphs, even hole-free graphs exclude some (but not all) of the 3-path configurations. Note that, (theta, prism, pyramid)-free
graphs are not hyperbolic. To see this, consider a cycle C of order n. Clearly, C excludes all 3-path configurations and has
hyperbolicity 2(n).
Outerstring graphs: A set S of simple curves on the plane is grounded if there exists a horizontal line containing one
endpoint of each of the curves in S. A graph G is an outerstring graph if there is a collection C of grounded simple curves
and a bijection between V(G) and C such that two curves in S intersect if and only if the corresponding vertices are
adjacent in G. The term “outerstring graph” was first used in the early 90’s [28] in the context of studying intersection
graphs of simple curves on the plane. Many well-known graph classes like chordal graphs, circular arc graphs [23], circle
graphs (intersection graphs of chords of a circle [20]), and cocomparability graphs [16] are also outerstring graphs and thus,
motivated researchers from the geometric graph theory and computational geometry communities to study algorithmic and
structural aspects of outerstring graphs and its subclasses [5,7,8,26,29]. Note that in general, outerstring graphs may contain
a prism, pyramid or theta as an induced subgraph. Moreover, cycles of arbitrary order are outerstring graphs, implying that
outerstring graphs are not hyperbolic.

It is clear from the above discussion that the classes of hyperbolic graphs, (theta, prism, pyramid)-free graphs, and
outerstring graphs are pairwise incomparable (with respect to the containment relationship). We show that the isometric
path complexities of all the above graph classes are small.

Our contributions The main technical contribution of this paper are as follows. First we prove that the isometric path
complexity can be computed in polynomial time.

Theorem 2. Given a graph G with n vertices and m edges, it is possible to compute ipco (G) in O (nm) time.

Then we show that the isometric path complexity remains bounded on hyperbolic graphs, (theta, pyramid, prism)-free
graphs, and outerstring graphs. Specifically, we prove the following theorem.

Theorem 3. Let G be a graph.

(a) If the hyperbolicity of G is at most &, then ipco (G) < 45 + 3.
(b) If G is a (theta, pyramid, prism)-free graph, then ipco (G) < 71.
(c) If G is an outerstring graph, then ipco (G) < 95.

To the best of our knowledge, the isometric path complexity being bounded (by constant(s)) is the only known non-
trivial property shared by any two or all three of these graph classes. Theorem 3 shows that isometric path complexity
(equivalently isometric path antichain cover number), as recently introduced graph parameters, are general enough to unite
these three graph classes by their metric properties. We hope that this definition will be useful for the field of metric graph
theory, for example by enabling us to study (theta,prism,pyramid)-free graphs and outerstring graphs from the perspective
of metric graph theory.

We provide a unified proof for Theorem 3(b) and 3(c) by proving that the isometric path complexity of (t-theta, t-pyramid,
t-prism)-free graphs [32] (see Section 4 for a definition) is bounded by a linear function of t. Due to the above theorems,
we also have as corollaries that there is a polynomial-time approximation algorithm for ISoMETRIC PATH COVER with approx-
imation ratio (a) 48 + 3 on §-hyperbolic graphs, (b) 73 on (theta, prism, pyramid)-free graphs, (c) 95 on outerstring graphs,
and (d) 8t + 63 on (t-theta, t-pyramid, t-prism)-free graphs.
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To contrast with Theorem 3, we construct highly structured graphs with small tree-width and large isometric path com-
plexity. A wheel consists of an induced cycle C of order at least 4 and a vertex w ¢ V (C) adjacent to at least three vertices
of C. The 3-path configurations introduced earlier and the wheel together are called Truemper configurations [33] and they
are important objects of study in structural and algorithmic graph theory [1,22].

Theorem 4. For every k > 1,

(a) there exists a (pyramid, prism, wheel )-free graph G with tree-width 2, hyperbolicity at least [%1 —1andipco (G) > k;
(b) there exists a (theta, prism, wheel)-free planar graph G with tree-width at most 3, hyperbolicity at least (%] —Tlandipco (G) > k;
(c) there exists a (theta, pyramid, wheel)-free planar graph G with hyperbolicity at least [’7‘1 —1and ipco (G) > k;

(d) there exists a (prism, pyramid, wheel)-free planar bipartite graph G such that |V (G)| is O (k?), G has an isometric path cover of
size 3k + 1 and any v-rooted isometric path cover of G has cardinality at least k? for any v € V (G).

Theorem 4(d) proves that the approximation algorithm for IsoMETRIC PATH CoVER proposed by Chakraborty et al. [10]
cannot provide a o(4/n) approximation ratio (even if the inputs are restricted to planar bipartite graphs of order n). Note
that previous known lower bound (stated in [10]) was o(,/logn).

Organisation. In Section 2, we recall some definitions and some results. In Section 3, we present an algorithm to compute
the isometric path complexity of a graph and prove Theorem 2. In Section 4, we prove Theorem 3. In Section 5, we prove
Theorem 4. We conclude in Section 6.

2. Definitions and preliminary observations

In this section, we recall some definitions and some related observations. A sequence of distinct vertices forms a path P
if any two consecutive vertices are adjacent. Whenever we fix a path P of G, we shall refer to the subgraph formed by the
edges between the consecutive vertices of P. The length of a path P, denoted by |P|, is the number of its vertices minus
one. A path is induced if there are no graph edges joining non-consecutive vertices. A path is isometric if it is a shortest
path between its endpoints. For two vertices u, v of a graph G, d(u, v) denotes the length of an isometric path between u
and v.

For a path P and a vertex u € V(P), we will often use the phrase “(u, w)-subpath” of P to denote a subpath that satisfies
certain properties (which will be clear from the context), and has u, w as endpoints, where w is the endpoint distinct from
u. We note that w and the subpath are getting defined simultaneously, but for the sake of readability, we use the above
notation.

In a directed graph, a directed path is a path in which all arcs are oriented in the same direction. For a path P of a graph
G between two vertices u and v, the vertices V(P) \ {u, v} are internal vertices of P. A path between two vertices u and
v is called a (u, v)-path. Similarly, we have the notions of isometric (u, v)-path and induced (u, v)-path. The interval I(u, v)
between two vertices u and v consists of all vertices that belong to an isometric (u, v)-path. For a vertex r of G and a
set S of vertices of G, the distance of S from r, denoted as d (r, S), is the minimum of the distance between any vertex of S
and r. For a subgraph H of G, the distance of H w.r.t. r is d (r, V(H)). Formally, we have d (r,S) = min{d(r,v) : v € S} and
d(r, H)y=d(r, V(H)).

For a graph G and a vertex r € V(G), consider the following operations on G. First, remove all edges xy from G such
that d(r,x) =d(r, y). Let G, be the resulting graph. Then, for each edge e =xy € E(G}) with d(r,x) =d(r, y) — 1, orient e
from y to x. Let a be the directed acyclic graph formed after applying the above operation on G’. Note that this digraph
can easily be computed in linear time using a Breadth-First Search (BFS) traversal with starting vertex r.

The known approximation algorithm for ISoMETRIC PATH Cover from [10] can now be stated as follows: (i) For each
vertex r € V(G), compute a and find a minimum path cover C;, of E)r and then (ii) report a C; with minimum cardinality.
The following definition is inspired by the terminology of posets (as the graph a can be seen as the Hasse diagram of a
poset) and will be useful to analyze the above algorithm.

Definition 5. For a graph G and a vertex r € V(G), two vertices x, y € V(G) are antichain vertices w.r.t. r, if there are no
—
directed paths from x to y or from y to x in G,.

For a graph G and a vertex r € V(G), a set X of vertices of G is an antichain set if any two vertices in X are antichain
vertices wW.L.t. 1.

Definition 6 ([10]). Let r be a vertex of a graph G. For a subgraph H, A (H) shall denote the maximum antichain set of H
L= . . . — . =\ .
in Gr. The isometric path antichain cover number of G, denoted by ipacc (Gr>, is defined as follows:

ipacc (a) =max{|A; (P)|: P isanisometric pathin G}.

4
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The isometric path antichain cover number of graph G, denoted as ipacc (G), is defined as the minimum over all possible
antichain covers of its associated directed acyclic graphs:

ipacc (G) = min {ipacc (3) ‘re V(G)} .

For technical purposes, we also introduce the following definition. For a graph G and a vertex r of G, let ipco a
denote the minimum integer k such that any isometric path P of G can be covered by k r-rooted isometric paths (The
notation reflects that it is a dual notion of ipacc (E:)) Using Dilworth’s Theorem [21] we prove the following important
lemma.

G

Lemma 7. For any graph G and vertex r, ipco ( r) =ipacc (5:) Therefore, ipco (G) = ipacc (G).

Proof. Let r be a vertex of G such that any isometric path of G can be covered by ipco (a) r-rooted isometric paths. Let

P be an arbitrary isometric path of G. Since two vertices of an antichain of G, cannot be covered by a single r-rooted
path and P is covered by ipco (a) many r-rooted paths, we deduce |A; (P)| <ipco (E:) This is true for any isometric

path P of G. Hence, ipacc (a) <ipco (a) Conversely, consider a vertex r € V(G). By definition of ipco <a> there is an
isometric path P that cannot be covered by (ipco (Gr> —1) r-rooted isometric paths. By Dilworth’s theorem [21], P contains

an antichain of G; of size ipco (Gr>. Hence |A;(P)| > ipco (Gr) and ipacc (Gr> > ipco (Gr>. The second part of the lemma
follows immediately. O

We also recall the following theorem and proposition from [10].

Theorem 8 ([10]). For a graph G, if ipacc (G) < c, then ISOMETRIC PATH COVER admits a polynomial-time c-approximation algorithm
onG.

Proposition 9 ([10]). Let G be a graph and r, an arbitrary vertex of G. Consider the directed acyclic graph a and let P be an isometric
path between two vertices x and y in G. Then |P| > |d(r,x) —d(r, y) | + |A; (P)| — 1.

—
Proof. Orient the edges of P from y to x in G. First, observe that P must contain a set E; of oriented edges such that

—

|E1| =|d(r,y) —d(r,x)| and for any ab € Eq, d(r,a) =d(r,b) + 1. Let the vertices of the largest antichain set of P in a
ie., Ar(P), be ordered as ay,ay, ..., a: according to their occurrence while traversing P from y to x. For i € [2,t], let P; be
the subpath of P between a;_; and a;. Observe that for any i € [2, t], since a; and a;_; are antichain vertices, there must

. . —> — .
exist an oriented edge bjc; € E(P;) such that either d(r,b;) =d(r,¢;) or d(r,b;) =d(r,c;) — 1. Let Ex = {bjCi}ic[2,r). Observe
that E1 N E; = and therefore |P| > |Eq|+ |E2|=|d(r,y) —d (., x) |+ |A-(P)|—1. O

3. Proof of Theorem 2

In this section we provide a polynomial-time algorithm to compute the isometric path complexity of a graph. Let G be a
graph. In the following lemma, we provide a necessary and sufficient condition for two vertices of an isometric path to be

—
covered by the same isometric r-rooted path in G, for some vertex r € V(G).

Lemma 10. Let r be vertex of G. If P = (u = vy, ..., Vi = V) is an isometric (u, v)-path with d (r,u) < d(r, v) then there exists an
—
isometric r-rooted path containing u, v in G, (P) ifand only ifd (vi41,1r) =d (v;, ) + 1 foralli € {0, ...,k — 1}.

Proof. If d(vitq1,r) =d(vi,1r)+1 forevery i € {0, ..., k—1} then the path obtained by concatenating an isometric (r, u)-path
—
and the path P is an isometric r-rooted (r, v)-path containing u, v in G,(P). Now suppose that there exists an isometric r-
—
rooted path containing u, v in G,(P), i.e., d(r,v) —d(r,u) =d(u, v). Then, along any path from u to v, we need to traverse

at least d(u, v) edges increasing the distance to r. Since P is an isometric (u, v)-path, it contains exactly d(u, v) edges.
Hence, d (1, viy1) =d(r,v;) + 1 for every i € {0, ..., k—1}. O

3.1. Notations and preliminary observations

We now introduce some notations that will be used to describe the algorithm and prove its correctness. Consider three
vertices r,x, v of G such that x ## v. Let Pr\ (x, v) denote the set of all isometric (x, v)-paths P containing a vertex u that

5
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is adjacent to v and satisfies d (r,u) =d(r, v) — 1. Analogously, let P, (x, v) denote the set of all isometric (x, v)-paths P
containing a vertex u that is adjacent to v and satisfies d (r,u) =d(r, v) and let Pr/ (x,v) denote the set of all isometric
(x, v)-paths P containing a vertex u that is adjacent to v and satisfies d (r, u) =d (r, v) + 1. Observe that the set of isometric
(x, v)-paths is precisely Pr\ x,VYUPL, (x,v)U Pr/, (x, v) and that some of these sets may be empty.

Given a path P, we denote by |S; (P)| the minimum size of a set of isometric r-rooted paths covering the vertices of P.
We denote by y{‘(x, v) and ﬁr\(x, v) respectively the maximum of |S, (P)| and |S; (P — {v})| over all paths P € Pr\ (x, v).
More formally,

YL (V) :max{lSr(P)|: PeP (x, v)},

BL(x, V) :max{lSr(P —whl: PePl(x, v)}.

Note that if Pr\ (x, v) is empty, we have y{‘ *x,v)= ,Br\ (x, v) = 0. We define similarly y} x,v), ,Br/ (x,v), and ", (x,v):
v vy =max|s: (P)|: Pe Pl (x v},

BA(x, v)=max{|5r(P—{v})|: PePl, (x v)},
YL (x,v) =max{|S; (P)|: PP, (x,v)}.

Finally, let y"(x,v) = max{y{‘(x, v), ¥L (%, V), yr/(x, v)} be the maximum of |S;(P)| over all isometric (x, v)-paths P. In
our algorithm, we will need also to consider the case where v =x as an initial case. For practical reasons, we let y"(x, x) =
Yo%, x) =yl (x,x) = y}(x, x) =1 and ﬁr\(x, X) = ﬁr/(x, x) = 0. Based on the above notations and Lemma 7, we have the
following observation.

—
G

Observation 11. For any graph G and any vertex r of G, we have ipco( r) = ipacc (E:) = maxy,y ¥’ (x,v) and ipco (G) =

ipacc (G) = min; maxy,y ' (x, v).

Observation 11 implies that to compute the isometric path complexity of a graph it is enough to compute the parameter
y"(x,v) for all r,x,v € V(G) in polynomial time. In the next section, we focus on achieving this goal without computing
explicitly any of the sets Pr\ (x,v), P, (x,v) or Pr/ (x, v). (Note that the size of these sets could be exponential in the
number of vertices of the graph).

3.2. An algorithm to compute Y (x, v)

Throughout this section, let r and x be two fixed vertices of G. We shall call r as the “root” and x as the “source” vertex.
The objective of this section is to compute the parameter y"(x, v) for all vertices v € V(G).

In the sequel, since we always refer to a fixed root r and source x, we omit r and x and use the shorthand y (v) for
y'(x,v). We do the same with the notations y ~(v), Y (v), Y\, (v), B (v), and B\ (v) that also refer to fixed vertices r
and x In the following lemmas, we shall provide explicit (recursive) formulas to compute y »(v), y— (v), y\ (V), B ~(v), and
B\ (v). Using these formulas, we will show how to compute y (v) for all v € V(G) in a total of O(|E(G)[)-time.

Observation 12. If r is the root vertex, x the source vertex, and v is distinct from x, then

B (W)=max{y@):uelx v)NN(); d(r,u)=d(,v)—1},
B (v)=max{y@):uelx v)NN(); d@r,u)=d(,v)+1}.

Lemma 13. If r is the root vertex, x the source vertex, and v is distinct from x, then y_,(v) =0 if P", (x,v) =@ and y_, (v) =
max{l1+y@):uelx, v)NN(); d(r,u)=d(r, v)} otherwise.

Proof. Observe that P, (x,v) is empty if and only if there is no vertex u € I(x,v) N N(v) such that d(r,u) =d(r, v). If
P, (x,v) is empty, then y_, (v) =0 and we are done.

Suppose now that P’ (x,v) #@. Let P = (x=vo, ..., Vi_1, Vi = V) be a path such that |S; (P)|= y_. (v). Observe that
d(r,vi_1) =d(r,v;). Let Q = (vp,...,Vvi—1) and consider a set S of isometric r-rooted paths covering the vertices of Q of
size |S;(Q)| and a (r, v;)-shortest path P;. Observe that S U {P;} is a set of isometric r-rooted paths covering the vertices
of P. Consequently y_, (vi) =[Sy (P) | <[S: (Q) |+ 1=y (vi-1) + 1.

Consider now an isometric (x, v;_1)-path Q' such that y(vi_1) =|S; (Q’) |. Let P’ be the isometric (x, vj)-path obtained
by appending v; to Q’. Consider a set S’ of isometric r-rooted paths covering the vertices of P’ of size |S, (P/) | and let P} be
a path of S’ covering v;. By Lemma 10, no vertex of Q" is covered by P/. Consequently, S"\ {P{} is a set of isometric r-rooted
paths covering all vertices of Q' and thus y(v;_1) <|S; (P’) | =1 <y (v;) — 1. Thus, we have y_, (v{)=y(vi-1)+1. O

6
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U1 Q

Vo= oV, =V

Fig. 2. An illustration for the third case in the proof of Lemma 14.

Lemma 14. If r is the root vertex, x the source vertex, and v is a vertex distinct from x, then y\ (v) =0 if73r\A x,v)y=0and y\ (v) =
max{max{y\ (u), y- @), B () + 1} :u € I(x,v) "N(v); d(r,u) =d(r, v) — 1} otherwise.

Proof. Observe that P& (x, v) is empty if and only if there is no vertex u € I(x, v) " N(v) such that d(r,u) =d(r,v) — 1. If
P{ (x,v) is empty, then y\ (v) =0 and we are done. Assume now that P{ (x,v) # /. If v is adjacent to x, then P = (x,v)
is the unique isometric (x, v)-path, and since Pr\ (x,v) # @, we have d(r,x) =d(r,v) — 1. Then P can be covered by any
isometric (r, v)-path containing x, and thus )\ (v) =[S; (P) |=1= (X)) =y X) =1+ B ~(%).

Assume now that v is not adjacent to x. Let P = (x =vg, ..., Vvi_1,v; = V) be a path such that |S; (P)| =}~ (v), let
Q =(vg,...,Vvi_1), and let R = (vg, ..., vi_2). Note that d (r, vi_q) =d(r, vj) — 1.

First suppose that d(r, vi_p) =d(r,vi_1) — 1. We claim that |S; (P)| < |S;(Q)]|. Indeed, consider a set S of isometric
r-rooted paths covering the vertices of Q of size |S;(Q)|. Let Pj_; € S be a path covering v;_;. By Lemma 10 and since
d(r,vi_p) =d(r,vi_1) — 1, we can assume that P;_q is an isometric (r, vi_1)-path. Consider the path P; obtained by ap-
pending v; at the end of P;_; and observe that P; is an isometric (r, v;j)-path covering the same vertices as P;_1 as well as
v;. Consequently, replacing P;_1 by P; in S, we obtain a set of isometric r-rooted paths of size |S| =|S;(Q) | covering all
vertices of P, establishing that |Sy (P)| <[S;(Q)]. Since [S;(Q)]| < N\ (Vi—1) S ¥ (Vi—1) S W\ (WV) =[5, (P)| =15+ (Q) |, we
have p (v) = y\ (Vi-1).

Suppose now that d(r, vi_) =d(r, vi_1). As in the previous case, we show that |S; (P)| <|S;(Q)|. Indeed, consider
a set S of isometric r-rooted paths covering the vertices of Q of size |S;(Q)]|. Let P;_1 € S be a path covering v;_1. By
Lemma 10 and since d(r, v;—2) =d(r, vi_1), vi—1 is the unique vertex of Q covered by P;_j. Consequently, if we replace
P;i_1 in S by an isometric (r, vi)-path going through v;_1, we obtain a set of isometric r-rooted paths of size |S| =S, (Q) |
covering all vertices of P, establishing that |S; (P)| <[S;(Q)]. Since |S; (Q)| < Y= (Vi—1) £ Y (Vi—1) S A (V) =S, (P)| <
ISr (Q) 1, we have y (v) = ¥ (Vi)

Finally, suppose that d (r, vi_p) =d(r, vi—1) + 1 (see Fig. 2 for an illustration of this case). Consider a set S of isometric
r-rooted paths covering the vertices of R of size |S; (R)| and a (r, vj)-shortest path P; containing v;_1. Observe that SU{P;}
is a set of isometric r-rooted paths covering the vertices of P. Consequently, A\ (v{) =[S; (P) | <|S; (R) |[+1 =<y (vi2)+1<
B, (vi—1) + 1. Consider now an isometric (x, vi—1)-path Q' such that 8 »(vi_1) =S, (R’)l where R’ = Q' — {v;_1}. Let P’
be the isometric (x, v;)-path obtained by appending v; to Q’. Consider a set S’ of isometric r-rooted paths covering the
vertices of P’ of size |S; (P’)| and let P; be the path of S’ covering v;. By Lemma 10, the only vertex of Q' that can
be covered by P is v;_;. Consequently, "\ {P} is a set of isometric r-rooted paths covering all vertices of R” and thus
B-(vii1) =15 (R)| < ISy (P') | — 1 <y~ (vi) — 1. Thus, we have A (vi) =B ~(vi_1) + 1.

Since the formula for computing )~ (v) (given in the statement of the lemma) takes into account these three exclusive
alternatives, it computes y5 (v) correctly. O

Lemma 15. If r is the root vertex, x the source vertex, and v is a vertex distinct from x, then y ~(v) =0 ifPr/ x,v)y=0andy (v) =
max{max{y »(u), y- (), B\ @) + 1} :u € I(x, v) "N (v); d(r,u) =d(r, v) + 1} otherwise.

Proof. The proof is similar to the proof of Lemma 14. O

Now we provide a BFS based algorithm to compute the above parameters. Let r and x be fixed root and source vertices
of G, respectively. For a vertex u € V(G), let D(u) = {y (W), y ~(w), y— (), y\,(W), B ~(u), B (w)}. Clearly, the set D(x) can
be computed in constant time. Now let X; be the set of vertices at distance i from x. Clearly, the sets X; can be computed
in O(]E(G)|)-time (using a BFS) and Xo = {x}. Let i > 1 be an integer and assume that for all vertices u € Ulj;lo Xj, the set
D(u) is already computed. Let v € X; be a vertex. Then due to the formulas given in Observation 12 and Lemmas 13-15,
the set D(v) can be computed by observing only the sets D(u), u € N(v) N X;_1. Hence, for all vertices v € V(G), the sets

D(v) can be computed in a total of O(|E(G)|) time. Hence, we have the following lemma.

7
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a
N/

Fig. 3. An example of a 4-fat turtle. Let C be the cycle induced by the black vertices, P be the path induced by the white vertices. Then the tuple
(4,C, P,c,c’) defines a 4-fat turtle.

Lemma 16. For a root vertex r and source vertex x, for each vertex v € V (G), the value y" (x, v) can be computed in O (|E(G)|) time.

We can now finish the proof of Theorem 2. Let G be a graph with n vertices and m edges. For a root vertex r, by applying
Lemma 16, for every source x € V(G), it is possible to compute ipco (a) =maxy,y ¥"(x,v) in O(nm) time. By repeating

this for every root r € V(G), it is possible to compute ipco (G) = min; ipco <a> in 0 (n%m) time.

4. Proof of Theorem 3

First we prove Theorem 3(a). We recall the definition of Gromov products [24] and its relation with hyperbolic-
ity. For three vertices r,x,y of a graph G, the Gromov product of x,y with respect to r is defined as (x|y), =
%(d (x,1)+d(y,r) —d(x,y)). Then, a graph G is §-hyperbolic [12,24] if and only if for any four vertices x, y, z,r, we have
*y)r = min {(x|2),, (y|2),} — 8.

Let G be a graph with hyperbolicity at most §. Due to Lemma 7, in order to prove Theorem 3(a), it is enough to
show that ipacc (G) < 48 + 3. Aiming for a contradiction, let r be a vertex of G and P be an isometric path such that
|Ar (P)| >48 +4. Let aq,ay, ...,02542, --.,045+4 be the vertices of A, (P) ordered as they are encountered while traversing
P from one endpoint to the other. Let x = aj,z = azs42, Y = d45+4. Let Q denote the (y, z)-subpath of P. Observe that,
|Ar (Q)| = 28 + 2. Then we have (x|y), > min{(x|z)r,(y|z)r} — 8. Without loss of generality, assume that (x|z), < (y|2),-
Hence,

*Iy)r = (x|2), — 6
dx,r)+d(y,r)—dx,y)>dx,r)+d(z,r) —d(x,2) — 26
d(y,r)—d(x,y)>d(z,r) —d(x,2) — 26

d(y,r)—d(z,n)+2§>d(x,y) —d(x,2)
d(y,r)—d(z,rn+2>d(,2)
d(y,z) <|d(y,r) —d(z,r)|+ 24.

But this directly contradicts Proposition 9, which implies that d (y,z) > |d(y,r) —d(z,")|+|A(Q)|—1>|d(y,r) —d(z,1)|
+ 268 + 1. This completes the proof of Theorem 3(a).

Now, we shall prove Theorems 3(b) and 3(c). First, we shall define the notions of t-theta, t-prism, and t-pyramid [32]. For an
integer t > 1, a t-prism is a graph made of three vertex-disjoint induced paths Py =ay...by, P2 =ay...by, P3=as...b3 of
lengths at least t, such that ajapas and b1byb3 are triangles and no edges exist between the paths except those of the two
triangles. For an integer t > 1, a t-pyramid is a graph made of three induced paths P1 =a...by, P, =a...by, P3=a...bs
of lengths at least t, two of which have lengths at least t + 1, they are pairwise vertex-disjoint except at a, such that b1byb3
is a triangle and no edges exist between the paths except those of the triangle and the three edges incident to a. For an
integer t > 1, a t-theta is a graph made of three internally vertex-disjoint induced paths Py =a...b, P =a...b, P3=a...b
of lengths at least t 4+ 1, and such that no edges exist between the paths except the three edges incident to a and the three
edges incident to b. A graph G is (t-theta, t-pyramid, t-prism)-free if G does not contain any induced subgraph isomorphic to
a t-theta, t-pyramid or t-prism. When t = 1, (t-theta, t-pyramid, t-prism)-free graphs are exactly (theta, prism, pyramid)-free
graphs.

Now, we shall show that the isometric path antichain cover number of (t-theta, t-pyramid, t-prism)-free graphs are
bounded above by a linear function on t. We shall show that, when the isometric path antichain cover number of a graph
is large, the existence of a structure called “t-fat turtle” (defined below) as an induced subgraph is forced, which, cannot be
present in a ((t — 1)-theta, (t — 1)-pyramid, (t — 1)-prism)-free graph.

Definition 17. For an integer t > 1, a “t-fat turtle” consists of a cycle C and an induced (u, v)-path P of length at least t
such that all of the following hold:

(a) V(P)NV(C) =9,
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(=ay413)

Fig. 4. lllustration of the notations used in the proof of Lemma 20. The thick wiggly line along with the horizontal edges indicate the (a, b)-isometric
path P.

b) For any vertex w € (V(P) \ {u, v}), N(w) NV (C) =9 and both u and v have at least one neighbour in C,

¢) For any vertex w € N(u) N V(C) and w’ € N(v) NV (C), the distance between w and w’ in C is at least t,

d) There exist two vertices {c,c’} C V(C) and two distinct components C,, C, of C—{c, ¢’} such that N(u)NV(C) C V(Cy)
and N(v) NV (C) CV(Cy).

(
(
(

The tuple (t, C, P, c,c’) denotes the t-fat turtle. See Fig. 3 for an example.

In the following observation, we show that any (t-theta, t-pyramid, ¢t-prism)-free graph cannot contain a (t + 1)-fat turtle
as an induced subgraph.

Lemma 18. For some integer t > 1, let G be a graph containing a (¢t 4+ 1)-fat turtle as an induced subgraph. Then G is not (t-theta,
t-pyramid, t-prism)-free.

Proof. Let (t+1,C, P,c,c) be a (t+1)-fat turtle in G. Let the vertices of C be named c =agp, a1, ...,ak=C, ak11, ..., v ()
as they are encountered while traversing C starting from c in a counter-clockwise manner. Denote by u, v the endpoints of
P. By definition, there exist two distinct components Cy, C,, of C —{c, ¢’} such that N(u)NV(C) € V(Cy) and N(v)NV(C) C
V(Cy). Without loss of generality, assume V(Cy) ={ay,az,...,ak—1} and V(Cy) = {ax41, k2, ..., Qv (cy}- Let i™ and it be
the minimum and maximum indices such that ;- and a;+ are adjacent to u. Let j~ and j* be the minimum and maximum
indices such that a;- and a;+ are adjacent to v. By definition, i~ < it <j~ < jT. Let P1 be the (a;-, aj+)-subpath of C
containing c. Let P be the (a;+,a;-)-subpath of C that contains c’. Observe that P; and P, have length at least t (by
definition). Now we show that P, Py, P, together form one of theta, pyramid or prism. If a;- = a;+ and a;- = aj+, then
P, Pq, P, form a t-theta. If i~ <it —2 and j~ < j* — 2, then also P, P, P, form a t-theta. If j~ =j* —1and i~ =it -1,
then P, Py, P, form a t-prism. In any other case, P, Pq, P> form a t-pyramid. O

In the remainder of this section, we shall prove that there exists a linear function f(t) such that if the isometric path
antichain cover number of a graph is more than f(t), then G is forced to contain a (t + 1)-fat turtle as an induced subgraph,
and therefore is not (t-theta, t-pyramid, t-prism)-free. We shall use the following observation.

Observation 19. Let G be a graph, r be an arbitrary vertex, P be an isometric (u, v)-path in G and Q be a subpath of an isometric
(v, r)-path in G such that one endpoint of Q is v. Let P’ be the maximum (u, w)-subpath of P such that no internal vertex of P’ is a
neighbour of some vertex of Q. We have that |A; (P') | > |A; (P)| — 3.

Proof. Suppose |A; (P')| <|A;(P)| — 4 and consider the (w, v)-subpath, say P”, of P. Observe that |A; (P”)| > 4. Now let
w’ be a vertex of Q which is a neighbour of w. Observe that |d(r, w) —d (r, w/)l <1 and therefore d(w, v) = |E(P")| <
|d(r, w) —d(r, v) | +2. But this contradicts Proposition 9, which implies that the length of P” is at least |d (r, w) —d (1, v) |+
3. O

Lemma 20. For an integer t > 1, let G be a graph with ipacc (G) > 8t + 64. Then G has a (t + 1)-fat turtle as an induced subgraph.

9
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Proof. Let r be a vertex of G such that ipacc a is at least 8t + 64. Then there exists an isometric path P such that

|Ar (P)| > 8t + 64. Let the two endpoints of P be a and b. (See Fig. 4.) Let u be a vertex of P such that d(r,u) =d(r, P).
Let P (a,u) be the (a,u)-subpath of P and P (b,u) be the (b, u)-subpath of P. Both P (a,u) and P (b,u) are isometric
paths and observe that either |A; (P (a,u))| > 4t 4+ 32 or |A; (P (b, u))| > 4t + 32. Without loss of generality, assume that
|Ar (P (b,u))| > 4t + 32. Let Q (r,b) be an isometric (b, r)-path in G. First observe that u is not adjacent to any vertex of
Q (r,b). Otherwise, d (u,b) <2 +d(r,b) —d(r,u), which contradicts Proposition 9. Let P (u, w) be the maximum (u, w)-
subpath, of P (b,u) such that no internal vertex of P (u, w) is a neighbour of Q (r,b). Note that P (u, w) is an isometric
path and w has a neighbour in Q (r, b). Applying Observation 19, we have the following:

Claim 20.1. |A, (P (u, w)) | > 4t + 29.

Let Q (r,u) be any isometric (u,r)-path of G. Observe that w is not adjacent to any vertex of Q (r,u). Otherwise,
d(u,w)<2+4d(,u) —d(r, w), which contradicts Proposition 9. Let P (z, w) be the maximum (z, w)-subpath of P (u, w)
such that no internal vertex of P (z, w) has a neighbour in Q (r,u). Observe that P (z, w) is an isometric path, and z has a
neighbour in Q (r, u). Again applying Observation 19, we have the following:

Claim 20.2. |A, (P (z, w)) | > 4t + 26.

Let aj,ay, ..., a be the vertices of A; (P (z, w)) ordered according to their appearance while traversing P (z, w) from z
to w. Due to Claim 20.2, we have that k > 4t + 26. Let c = ay+13 and Q (r, c¢) denote an isometric (c,r)-path. Let T(r,c1)
be the maximum subpath of Q (r,c) such that no internal vertex of T(r,cq1) is adjacent to any vertex of P (z, w). Observe
that neither z nor w can be adjacent to c; (due to Proposition 9). Moreover, if c; is a vertex of P (z, w) then we must have
Cc1=C¢C.

Claim 20.3. Let x be a neighbour of c1 in P (z, w), X be the (x, b)-subpath of P (u,b) and Y be the (x, u)-subpath of P (u, b). Then
|Ar (X)| >2t+ 11 and |A; (Y)| > 2t + 11.

Proof. Let P (c, w) denote the (c, w)-subpath of P (z, w). Observe that |A; (P (c, w))| > 2t 4+ 14. First, consider the case
when x lies in the (z, ¢)-subpath of P (z, w). In this case, P (c, w) is a subpath of X and therefore |A; (X)| > 2t + 14. Now
consider the case when x lies in P (c, w). In this case, applying Observation 19, we have that |A; (X) | > |Ar (P (c,w))|—3 >
2t +11. Using a similar argument, we have that |[A, (Y)|>2t+11. A

Let T(cy, c2) be the maximum (c1, c3)-subpath of T(cq,r) such that no internal vertex of T(cq, c2) is adjacent to a vertex
of Q (r,b) or Q (r,u). Note that, if ¢y lies on Q (r,b) or Q (r,u), we must have c; =r. We have the following claim.

Claim 20.4. The length of T (cq, c2) is at least t + 3.

Proof. Assume that the length of T(cq, c2) is at most t + 2 and x be a neighbour of c1 in P (z, w). Observe that all vertices
of P (z,w) are at distance at least d (r,u) ie. d(r, P (z, w)) > d(r,u), since d (r,u) =d (r, P). Hence,

(¥)d(r,x) >d(r,u) and d(r,cq) > d(r,u) — 1.

Now, suppose c; has a neighbour c¢3 in Q (r,u). Hence d(c3,x) <d(c3,c2) +d(c2,c1) +d(c1,x) <t—+ 4. Now, using (+)
and the fact that c3 lies on an isometric (r, u)-path (Q (r, u)), we have that d(cs3, u) <t + 4. Therefore, d(u, x) <d(c3,u) +
d(c3, x) < 2t + 8. But this contradicts Proposition 9 and Claim 20.3, as they together imply that d(u, x) is at least d (r, x) —
d(r,u) + 2t +10> 2t + 10.

Hence, c; must have a neighbour c3 in Q (r,b). First, assume that d(r,x) > d(r,b). Then, as d(c3,x) <d(c3,Cc2) +
d(cz,c1)+d(cq,x) <t+4 and c3 lies on an isometric (r, b)-path (Q (r, b)), we have that d (x, b) < 2t + 8. But again this con-
tradicts Proposition 9 and Claim 20.3, as they together imply that the length of d (x, b) is at least d (r, x) —d (r, u) + 2t + 10.
Now, assume that d(r, x) < d(r, b). Let b’ be a vertex of Q (r,b) such that d (r, b’) =d(r, x). Using a similar argumentation
as before, we have that d (x,b’) <2t 4+ 8. Hence, d (x,b) <d(x,b’) +d (b',b) <d(r,b) — d (r,x) + 2t + 8. But this contradicts
Proposition 9 which, due to Claim 20.3, implies that d (x,b) >d (r,b) —d(r,x) + 2t +10. H

The path T(cq, cy) forms the first ingredient to extract a (t + 1)-fat turtle. Let z; be the neighbour of z in Q (r,u) and
w1 be the neighbour of w in Q (r, b). We have the following claim.

Claim 20.5. The vertices w1 and z1 are non adjacent.
Proof. Recall that z; lies in Q (r,u) and d(r,z) > d(r,u). Hence z; must be a neighbour of u. If w; and z; are adjacent,
then observe that d (u, b) <d(r,b)—d (r, w1)+2 <. This implies d (u, b) < d(r,b) —d (r, u) + 3. But this shall again contradict

Proposition 9. O

10
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Now we shall construct a (w1, z1)-path as follows: Consider the maximum (w1, wy)-subpath, say T(w1, w3), of Q (r,b)
such that no internal vertex of T(wq, wy) has a neighbour in Q (r, u). Similarly, consider the maximum (z1, z2)-subpath, say
T(z1, z2), of Q (r,u) such that no internal vertex of T(z1, z2) is a neighbour of w. (Note that it is possible that zo = wy =r1.)
Let T be the path obtained by taking the union of T(wq, wy) and T(zq, z2). Observe that z; must be a neighbour of w, and
T is an induced (w1, z1)-path. The definitions of T and P (z, w) imply that their union induces a cycle Z. Here we have the
second and final ingredient to extract the (t + 1)-fat turtle.

Suppose that ¢, has a neighbour in T. Let T’ be the maximum subpath of T(cq, c2) which is vertex-disjoint from Z.
(Note that if c; =c or ¢y € {w>, 22} (e.g. when ¢ = w; =2z =), T(cq, c2) may share vertices with Z.) Due to Claim 20.4,
the length of T’ is at least t + 1. Let e; and e, be the endpoints of T’. Observe the following.

e Each of ey and e, has at least one neighbour in Z.

e Z —{z, w} contains two distinct components Cq, C» such that for i € {1,2}, N(e;) NV (Z) C V(Cj).

e For a vertex e] € N(e1) N V(Z) and e}, € N(ez) N V(Z), the distance between e and €/, is at least t + 1. This statement
follows from Claim 20.3.

Hence, we have that the tuple (t + 1, Z, T', z, w) defines a (t + 1)-fat turtle. Now consider the case when c; does not
have a neighbour in T. By definition, ¢, has at least one neighbour in Q (r,u) or Q (r, b). Without loss of generality, assume
that ¢, has a neighbour c¢3 in Q (r, u) such that the (z2, c3)-subpath, say, T” of Q (r,u) has no neighbour of ¢y other than
c3. Observe that the path T* = (T’ U (T” — {z3})) is vertex-disjoint from Z and has length at least t + 1. Let eq, e; be the
two endpoints of T*. Observe the following.

e Each of ey and e, has at least one neighbour in Z.

e Z —{z, w} contains two distinct components C1, C; such that for i € {1, 2}, N(e;) N V(Z) C V(C;).

e For a vertex e] € N(e1) N V(Z) and e}, € N(ez) N V(Z), the distance between ¢ and €/, is at least t + 1. This statement
follows from Claim 20.3.

Hence, (t+1,Z,T*, z, w) is a (t + 1)-fat turtle O
Proof of Theorem 3(b). Lemma 7, 18 and 20 together imply Theorem 3(b).
Lemma 21. Any outerstring graph is (4-theta, 4-prism, 4-pyramid )-free.

Proof. To prove the lemma, we shall need to recall a few definitions and results from the literature. A graph G is a string
graph if there is a collection S of simple curves on the plane and a bijection between V (G) and S such that two curves in
S intersect if and only if the corresponding vertices are adjacent in G. Let G be a graph with an edge e. The graph G/e is
obtained by contracting the edge e into a single vertex. Observe that string graphs are closed under edge contraction [28].
We shall use the following result.

Proposition 22 ([28]). Let G be an outerstring graph with an edge e. Then G /e is an outerstring graph.

A full subdivision of a graph is a graph obtained by replacing each edge of G with a new path of length at least 2. We
shall use the following result implied from Theorem 1 of [28].

Proposition 23 ([28]). Let G be a string graph. Then G does not contain a full subdivision of K3 3 as an induced subgraph.

Indeed, if the full subdivision of K3 3 was a string graph, then the corresponding intersection representation with simple
curves could be used to construct a planar drawing of K3 3, which is impossible. For a graph G, the graph G is constructed
by introducing a new apex vertex a and connecting a with all vertices of G by new copies of paths of length at least 2. We
shall use the following result of Biedl et al. [5].

Proposition 24 (Lemma 1, [5]). A graph G is an outerstring graph if and only if G is a string graph.

Now we are ready to prove the lemma. Let G be an outerstring graph. Assume for the sake of contradiction that G
contains an induced subgraph H which is a 4-theta, 4-pyramid, or a 4-prism. Since every induced subgraph of an outerstring
graph is also an outerstring graph, we have that H is an outerstring graph. Let E be the set of edges of H whose both
endpoints are part of the same triangle. Now consider the graph H; = H/E which is obtained by contracting all edges in E.
By Proposition 22, Hy is an outerstring graph and it is easy to check that Hq is a 3-theta. Let u and v be the vertices of Hq
with degree 3 and w1, wy, w3 be the set of mutually non-adjacent vertices such that for each i € {1, 2,3} d(u, w;) =2 and
d (v, wj) > 2. Since Hq is a 3-theta, w1, wy, w3 exist. Now consider the graph HT and let a be the new apex vertex. Due to
Proposition 24, we have that HT is a string graph. But notice that, for each pair of vertices in {x, y} C {w1, wa, w3, u, v,aj},
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a

Ks

by by b3 by bs by by b3 by bs by by b3 by bs
(a) (b) (c) (d)
Fig. 5. (a) X4 (b) Y4 (¢) Z4 (d) Wa.

there exists a unique path of length at least 2 connecting x, y. This implies that H1+ (which is a string graph) contains a full
subdivision of K3 3, which contradicts Proposition 23. O

Proof of Theorem 3(c). Lemma 7, 18, 20, and 21 together imply Theorem 3(c).

5. Proof of Theorem 4

We shall provide a construction for every k > 4, this implies the statement of Theorem 4 for any k > 1. First we shall
prove Theorem 4(a). For a fixed integer k > 4, first we describe the construction of a graph X as follows. Consider k + 1
paths P1, Py, ..., Py4q each of length k and having a common endpoint a. For i € [k + 1], let the other endpoint of P; be
denoted as b;. Moreover, for i € [k+ 1], let the neighbours of a and b; in P; be denoted as a; and b}, respectively. For i € [k],
introduce an edge between b; and b;,1. The resulting graph is denoted X, and the special vertex a is the apex of Xj. See
Fig. 5(a). For a fixed integer k > 4, consider the graph X; and for each i € [k], introduce an edge between b; and bgﬂ. Let
Y, denote the resulting graph and the special vertex a is the apex of Yj. See Fig. 5(b). For a fixed integer k > 4, consider
the graph Yy and for each {i, j} C [k], introduce an edge between a; and a’j. Let Z, denote the resulting graph and the
special vertex a is the apex of Zj. See Fig. 5(c). For a fixed integer k > 4, consider the graph Xj. For each i € [k], delete the
edge b;b;+1 and introduce k new vertices, each of which is adjacent to only b; and b;;. Call the resulting graph Wj. See
Fig. 5(d).

We shall use the following result relating hyperbolicity and isometric cycles. An induced cycle C of a graph G is isometric
if for any two vertices u, v of C, the distance between u, v in C is the same as that in G.

Proposition 25 (Theorem 2, [36]). Let G be a graph containing an isometric cycle of order k with k = ¢ (mod 4). Then the hyperbolicity
of G is at least [%‘] - % ifc=1and [%‘], otherwise.

We now prove the following lemmas.

Lemma 26. For k > 4, let G be the graph constructed by taking two distinct copies of Xy and identifying the two apex vertices. Then G
is a (pyramid, prism)-free graph with tree-width 2, hyperbolicity at least [’5‘1 — 1 and ipacc (G) > k.

Proof. Since G is triangle-free, clearly G is (pyramid, prism)-free. Moreover, for any induced cycle C of G, and any vertex
w ¢ C, observe that w has only one neighbour in C. Therefore, G is also wheel-free. Observe that G has an isometric cycle
of length at least 2k. Therefore, due to Proposition 25, G has hyperbolicity at least [’7‘1 — 1. Since removing the vertex a
from G makes it acyclic, the tree-width of G is two. Let H and H’ denote the two copies of X} used to construct G. Let r
be any vertex of G and, without loss of generality, assume that r is a vertex of H'. Consider the graph E: Now recall the
construction of H (which is isomorphic to Xi) and consider the path Q =b1 b,...by. Observe that Q is an isometric path
and for any two vertices u, v € V(Q) we have d(r,u) =d(r, v). Therefore, A, (Q) > k. Hence, ipacc (G) > k. O

Lemma 27. For k > 4, let G be the graph constructed by taking two distinct copies of Y} and identifying the two apex vertices. Then G
is a (theta, prism)-free graph with tree-width 3, hyperbolicity at least [’7‘] — 1, and ipacc (G) > k.

Proof. Since removing the special vertex a from G results in a graph with tree-width 2, it follows that G has tree-width at
most 3. Observe that G has an isometric cycle of length at least 2k. Therefore, due to Proposition 25, G has hyperbolicity at
least (%1 — 1. Let H and H’ denote the two copies of Y} used to construct G. First we shall show that H does not contain
a theta or a prism. Consider the graph H; obtained by removing the apex of H. Observe that H; does not contain a vertex
v such that the vertices in N[v] induce a K7 3. Hence H does not contain a theta. It also can be verified that Hi does
not contain a prism. Since the neighbourhood of a is triangle-free, it follows that H does not contain a prism. Similarly,
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H’ does not contain a theta or a prism. Now, from our construction, it follows that G does not contain a theta or a prism.
Moreover, for any induced cycle C of G, and any vertex w ¢ C, observe that w has at most two neighbours in C. Therefore,
G is wheel-free. Using arguments similar to the ones used in the proof of Lemma 26, we have that ipacc (G) > k. O

Lemma 28. For k > 4, let G be the graph constructed by taking two distinct copies of Zj and identifying the two apex vertices. Then G
is a (theta, pyramid)-free graph with hyperbolicity at least [%1 — 1 and ipacc (G) > k.

Proof. Observe that G has an isometric cycle of length at least 2k. Therefore, due to Proposition 25, G has hyperbolicity at
least [%] — 1. Let H and H’ denote the two copies of Y used to construct G. Observe that H does not contain a vertex
v such that the vertices in N[v] induce a K7 3. Therefore, H does not contain a theta or a pyramid. Similarly, H' does not
contain a theta or a pyramid. Due to our construction, it follows that G does not contain a theta or a pyramid. Moreover,
for any induced cycle C of G, and any vertex w ¢ C, observe that w has at most two neighbours in C. Therefore, G is
wheel-free. Using arguments similar to the ones used in the proof of Lemma 26, we have that ipacc (G) > k. O

An isometric path cover C of a graph G is rooted if there exists a vertex v such that all paths in C are v-rooted isometric
paths.

Lemma 29. For k > 4, let G be the graph constructed by taking two distinct copies of Wy, and identifying the two apex vertices. Then
G is a (prism, pyramid, wheel)-free planar graph such that any rooted isometric path cover of G has cardinality at least k? but there is
an isometric path cover of G of cardinality 3k + 1.

Proof. The construction ensures that G is a (prism, pyramid, wheel)-free planar graph. Let H and H’ denote the two copies
of Wy used to construct G and a denote the apex vertex. Observe that there are k? vertices at maximum distance from the
apex vertex a in H and a a-rooted isometric path can only cover one of them. Therefore, at least k* many a-rooted isometric
paths are needed to cover the graph H. As H’ is isomorphic to H, it has the above properties. Since a is a cut-vertex in G, it
is easy to verify that for any vertex v € V(G), any v-rooted isometric path cover of G requires k* many paths. On the other
hand, it is easy to check that G has an isometric path cover of cardinality 3k + 1. Indeed k + 1 geodesics are sufficient to
cover the vertices of the maximal isometric paths containing a, 2k geodesics are sufficient to cover the remaining vertices
of G. O

Lemma 7, 26, 27, 28, 29 imply Theorem 4.
6. Conclusion

In this paper, we have introduced the new graph parameter isometric path complexity. We have shown that the isometric
path complexity of a graph with n vertices and m edges can be computed in O (n®m)-time. It would be interesting to
provide a faster algorithm to compute the isometric path complexity of a graph. Note that, no non-trivial lower bound on
the achievable running time is known.

We have derived upper bounds on the isometric path complexity of three seemingly (structurally) different classes of
graphs, namely hyperbolic graphs, (theta, pyramid, prism)-free graphs and outerstring graphs. An interesting direction of
research is to generalise the properties of hyperbolic graphs or (theta, pyramid, prism)-free graphs to graphs with bounded
isometric path complexity.

Note that, in our proofs we essentially show that, for any graph G that belongs to one of the above graph classes, any
vertex v of G, and any isometric path P of G, the path P can be covered by a small number of v-rooted isometric paths.
This implies our “choice of the root” is arbitrary. This motivates the following definition. The strong isometric path complexity
of a graph G is the minimum integer k such that for each vertex v € V(G) we have that the vertices of any isometric path
P of G can be covered by k many v-rooted isometric paths. Our proofs imply that the strong isometric path complexity
of graphs from all the graph classes addressed in this paper are bounded. We also wonder whether one can find other
interesting graph classes with small (strong) isometric path complexity.

Our results imply a constant-factor approximation algorithm for IsoMETRIC PATH COVER on hyperbolic graphs, (theta,
pyramid, prism)-free graphs and outerstring graphs. However, the existence of a constant-factor approximation algorithm
for IsoMETRIC PATH COVER on general graphs is not known (an O (logn)-factor approximation algorithm is designed in [31]).
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