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1. Introduction

The realm of network monitoring entails a range of applications focused on detecting and addressing periodic failures
within a network. Within this framework, a network is considered a finite simple graph, where failures may manifest as
connection losses between two nodes of the network. Such failures often lead to temporary increases in distances or the
isolation of specific nodes from the broader network. Ideally, consistent monitoring of the entire graph would promptly
reveal any instances of malfunction. Nevertheless, developing a methodology that achieves this objective with minimized
cost is more advantageous.

In a recent study, Foucaud et al. [7] introduced a new graph parameter based on the distances between a specific
group of vertices, motivated by applications in network monitoring. This concept arises from merging the classic concept
of geodetic sets [16] and the more recent one of distance edge-monitoring sets [9]. An edge e of a graph G = (V, E) is said
to be monitored by a pair of vertices a, b € V, if every shortest a-b path contains e. An edge e of a graph G = (V,E) is
said to be monitored by a set S C V, if e is monitored by at least one pair of vertices in S. A monitoring edge-geodetic set
of G, abbreviated as MEG set of G, refers to a subset of the vertex set V, that monitors all the edges of the graph G. The
monitoring edge-geodetic number (or MEG number) of G, denoted as meg(G), represents the size of a minimum MEG set
of a graph G. The corresponding algorithmic problem is defined as follows:

MINIMUM MONITORING EDGE-GEODETIC SET problem (MIN-MEG)

Instance: A graph G = (V, E).
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Solution: An MEG set M of G with |M| = meg(G).

Our goal is to continue the study of this computational problem on structured graph classes. To do so, we will use
the following concept: Given a graph G = (V, E), we define the notion of mandatory vertex as follows: a vertex v € V is
mandatory in G if it is contained in every MEG set of G. We also define the set Man(G) = {v € V | v is mandatory in G}.
In this manuscript, given a graph G = (V, E), n and m are used to denote the cardinalities of V and E respectively.

1.1. Related work

The monitoring edge-geodetic set problem was introduced by Foucaud et al. [13]. In their work, they computed the
MEG number for some fundamental graph classes such as trees, cycles, unicyclic graphs, complete graphs, grids, and
hypercubes. Additionally, using the feedback edge set number of a graph G, they derived an upper bound for meg(G),
which was subsequently refined in [6]. In the same paper, the authors presented several examples of graphs that satisfy
meg(G) = n, and asked whether it is possible to characterize the class of graphs for which meg(G) = n. In[10,11], Foucaud
et al. characterized the graphs of order n for which meg(G) = n, answering the question asked in [7], by characterizing
mandatory vertices. Indeed, when meg(G) = n, all vertices must be mandatory. These graphs were termed as MEG-
extremal graphs in [11]. Some examples of MEG-extremal graphs are complete graphs, hypercubes, corona products
of two graphs [7] and 2-connected cographs, 2-connected proper interval graphs, 2-connected well-partitioned chordal
graphs [11]. Haslegrave [17] also produced some bounds on the MEG number for certain product operations of two graphs,
G and H, in terms of meg(G) and meg(H). See also [33] for further work on MEG on graph products, [24,25,31,34] for studies
on the MEG number on various graph families, and [10] for an upper bound on the MEG number in terms of girth for
sparse graphs.

Coming to the complexity of the problem, the first NP-hardness proof of the MIN-MEG problem for general graphs was
proposed by Haslegrave [17]. The authors in [10] showed that the MIN-MEG problem remains NP-hard for 3-degenerate
2-apex graphs. Recently, Bilo et al. [3], have shown that there is no polynomial-time (clogn) (where ¢ < %) factor
approximation algorithm for the MIN-MEG problem, unless P = NP. Foucaud et al. [12] showed that the problem cannot
be solved in subexponential time for 3-degenerate graphs unless the Exponential Time Hypothesis (ETH) fails, and that
it is APX-hard for 4-degenerate graphs. Complementing these hardness results, they also prove that the problem admits
a polynomial-time algorithm for interval graphs, a Fixed Parameter Tractable (FPT) algorithm for general graphs with
clique-width plus diameter as the parameter, and an FPT algorithm for chordal graphs with treewidth as the parameter.
They also provide an approximation algorithm with factor In m - meg(G) and +/nlnm for the MIN-MEG problem.

1.2. Our results

Given a graph G = (V, E), by definition, |Man(G)| is a lower bound for meg(G). Next we discuss an upper bound for
meg(G). As observed in [7] (see Theorem 2.3 in Section 2.2), the set of cut-vertices is not part of any minimum MEG set of
G. We define Cut(G) = {v € V | v is a cut-vertex of G}. Then, for any minimum-size MEG set M, we have M C V \ Cut(G).
Hence, the following observation holds:

Observation 1.1. Given a graph G = (V, E), let M be a minimum MEG set of G. Then, Man(G) € M C V \ Cut(G).

By Observation 1.1 and existing literature, we can conclude that there are several graph classes (like block graphs,
well-partitioned chordal graphs, interval graphs and cographs) which belong to the following two types (and there are
many graph classes which are not of any of these two types, for example the class of cycles of order at least 5):

1. the graphs for which Man(G) is a minimum-size MEG set;
2. even stronger, the graphs for which Man(G) = V \ Cut(G), implying that Man(G) is a minimum-size MEG set.

It is known that interval graphs are of type 1 [12], and block graphs, proper interval graphs, cographs, and well-
partitioned chordal graphs are of type 2 [10,11].

Note that for a given graph G = (V, E), if G is a graph of type 1, then meg(G) can be computed in polynomial time, since
the necessary and sufficient condition for a vertex to be a mandatory vertex, can be checked in polynomial time [11]. If
G is of type 2, then we have an even simpler (linear-time) algorithm to compute meg(G). Hence, if meg(G) attains either
of the upper and lower bound mentioned in Observation 1.1, it can be computed in polynomial time.

In this paper, we extend and strengthen some of these results by considering more general graph classes, as follows.

e In Section 3, we show that for any distance-hereditary graph G, Man(G) = V \ Cut(G), which implies that meg(G) =
[Man(G)| = |V \ Cut(G)|. This extends the results for cographs and block graphs in [10,11], as cographs and block
graphs are distance-hereditary.

e In Section 4, we show that for any bipartite permutation graph G, Man(G) = V \ Cut(G), which implies that
meg(G) = |Man(G)| = |V \ Cut(G)|.

e In Section 5, we show that for any P4-sparse graph G, meg(G) = |Man(G)|.
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Fig. 1. Inclusion diagram for graph classes mentioned in this paper (and related ones). If a class A has an upward path to class B, then A is
included in B. For any graph G in a dark gray class, we have |Man(G)| = |V(G) \ Cut(G)| = meg(G). For any graph G in a light gray class, we have
|Man(G)| = meg(G). Results for boxes with a thick border are proved in this paper. For the graph classes which are not defined in this paper, their
definition can be found in [19].

e In Section 6, we show that for any strongly chordal graph G, meg(G) = |[Man(G)|. This extends the polynomial-time
algorithm to solve MIN-MEG for interval graphs from [12], as interval graphs are also strongly chordal.
e Section 7 concludes our work.

Hence, for all the above-mentioned graph classes, the monitoring edge-geodetic number can be computed in polynomial
time. Fig. 1 shows a hierarchy diagram of graph classes to signify the improvements achieved by our results over the
existing literature. We remark that studying different graph optimization problems on these graph classes has been an
active research direction for several decades (see [4,5,22,23,26-29,32] for some recent algorithmic results on these graph
classes).

2. Preliminaries
2.1. Notations and definitions

This paper only considers simple, undirected, finite, and connected graphs with at least two vertices. Given a graph
G = (V, E), we use the notations V and V(G) (resp. E and E(G)) alternatively. The order of the graph G is |V|. The notation
Ng(v) stands for the set of neighbors of a vertex v in G and Ng[v] = Ng(v) U {v}. When the context is clear, we use
N(v) (resp. N[v]) instead of Ng(v) (resp. N¢g[v]). The number of neighbors of a vertex v € V defines its degree, which is
represented by the symbol deg(v). The maximum degree of the graph G is denoted by A(G); when the context is clear,
we use only A. Given a subset of vertices U of V, we use degy(v) to denote the number of neighbors that a vertex v has
within the set U. Additionally, we use Ny(v) to refer to the set of neighbors of vertex v within U. A vertex v € V is said
to be an pendant vertex (resp. isolated vertex) if [IN(v)| = 1 (resp. |N(v)| = 0). Sometimes, a pendant vertex is also referred
to as a leaf. The unique neighbor of a pendant vertex is called a stem. An edge uv € E is said to be an isolated edge if
deg(u) = deg(v) = 1. A vertex v is said to be a simplicial vertex in G if N[v] induces a clique of G. If a vertex v and the
edges incident to v are deleted from G, then the resulting graph is denoted by G \ {v}. A vertex v € V is said to be a
cut-vertex of G, if the graph G\ {v} is not connected. Given a subset of vertices S C V, the subgraph of G induced by S is
denoted by G[S] and denoted with the notation G[S] = (S, Es), where Es = {uv € E |u € S,v € S}.

A path P = vgvy ... vy, is a sequence of distinct vertices, such that v;_qv; € E, where 1 <i < k and k > 1. Such a path
is called a path between vy and vy. We denote V(P) = {vg, v1, ..., vx}. The length of the path P is |V(P)| — 1. A k-path
(or Py) is a path of length k — 1, for any integer k > 1. The distance between any two vertices a and b in G is the length
of a shortest path between them and is denoted by dg(a, b) (simply d(a, b) when the context is clear). Two vertices a and
b are said to be at even (resp. odd) distance away from each other if d(a, b) is even (resp. odd). Given a path P and two
vertices x, y of P, the distance of x and y in P is denoted as dp(x, y) and the path P induced by x, y and all the intermediate
vertices between x and y in P, is denoted as P(x, y). A cycle C = wvguy ... vy, is a sequence of distinct vertices, such that
vi_1v; € E, where 1 <i < k; and k > 2 and v,vg € E. The length of C is k + 1. A n-cycle (or () is a cycle of length n, for
n>3.

The join (resp. disjoint union) of two graphs G; and G, is the graph G = (V(G1)U V(G,), E(G1)UE(G)U {uv | u € V(Gy)
and v € V(Gy)}) (resp. G = (V(Gy) U V(G,), E(G1) U E(G3))). The symbol & (resp. U) denotes the join operation (resp.
disjoint union operation).

Two vertices u and v are called true twins if Ng[u] = Ng[v]. Similarly, u and v are called false twins if Ng(u) = Ng(v).
Vertices u and v are called twins if they are either true or false twins.

A vertex v of a graph G = (V, E) is said to be a universal vertex if N[v] = V. A pair of nonadjacent vertices {u, u'} of G is
said to be a universal pair if every x € V \ {u, v’} is adjacent to both u and v’. A set A C V is a stable set or an independent
set of G if the graph induced by A contains no edge. A set C C V is a clique if for every pair of vertices u, v in C, uv € E.

A graph G = (V, E) is said to be P4-sparse if any induced subgraph with five vertices contains at most one P,4. A spider
is a graph G = (V, E), where V admits a partition into three subsets S, C, and R such that
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(a) Thin spider. (b) Thick spider.

Fig. 2. Examples of spiders with spider partition (S, C, R).

e C={cy,...,q} (I =2)is aclique.
o S ={sq,...,s} is a stable set.
e Every vertex in R is adjacent to every vertex in C and nonadjacent to any vertex of S. The edges in R are unrestricted.

More on P4-sparse graphs and spider graphs can be found in [20]. From now on, we denote a spider with G(S, C,R). A
spider G(S, C, R) is said to be a

e thin spider if for every i € {1,...,1}, Nc(si) = {ci}
e thick spider if for every i € {1,..., 1}, Nc(si) = C \ {c;} (see Fig. 2).

A graph G = (V, E) is bipartite if V(G) can be partitioned into two independent sets. A permutation graph is a graph
whose vertices represent the elements of a permutation, and whose edges represent pairs of elements that are reversed
by the permutation. A bipartite graph G is a bipartite permutation graph if G is a permutation graph as well.

A graph G = (V, E) is said to be chordal, if there does not exist any induced cycle of length at least 4 in G. G is strongly
chordal if it is a chordal graph and every cycle of even length (at least 6) in G has an odd chord, that is, an edge that
connects two vertices which are an odd distance (>1) away from each other in the cycle. More on these graph classes
can be found in the books [2,14].

Distance-hereditary graphs are graphs in which the distance between any two vertices in any connected induced
subgraph is the same as their distance in the original graph. More on distance-hereditary graphs can be found in the
seminal paper [1].

2.2. Results from previous literature
The following results are from the existing literature and are used in the upcoming proofs.
Theorem 2.1 ([10]). Given a graph G = (V,E) and a vertex v € V, v is a mandatory vertex of G if and only if one of the

following two conditions hold:

e there exists u € N(v) such that there does not exist any induced 2-path of the form uvx in G.
e there exists u € N(v) such that every induced 2-path uvx is part of a 4-cycle.

We also propose the following observation, which follows directly from Theorem 2.1.
Observation 2.1. Let u,v € V; if Ng(u) € Ng(v) or Ng[u] € Ng[v], then u is a mandatory vertex. In particular, every

simplicial vertex of degree at least 1 is a mandatory vertex. If two vertices u and v are twins of degree at least 1 in a graph G,
then they both are mandatory vertices of G.

Theorem 2.2 ([10]). Let G = (V, E) be a graph with a path vov1 . .. vi_1vx Whose internal vertices have degree 2, vy has degree
at least 2, and vy has degree 1. Then the vertices vg, v1, ..., Ux_1 are never part of any minimum MEG set.

Theorem 2.3 ([7]). Let G be a graph with a cut-vertex v and Cq, C,, ..., C; be the k connected components obtained when
removing v from G. If S, S,, ..., Sk are MEG sets of the induced subgraphs G[C; U {v}], G[C, U {v}], ..., G[C, U {v}], then
S=(51USU---US,)\ {v} is an MEG set of G.
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Fig. 3. The mandatory vertices in V(Gy) \ Cut(Gy) remain mandatory in V(G) \ Cut(G). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

3. MEG for distance-hereditary graphs

In this section, we show that the MIN-MEG problem can be solved efficiently for distance-hereditary graphs. Through-
out this section, we assume that G = (V, E) is a connected distance-hereditary graph.

For any given ordering (vq, v,, ..., vy) of V, let the induced subgraph on {vq, v,, ..., v;} be denoted as G;. A one vertex-
extension ordering of G is an ordering (vq, va, ..., vy) of V such that v; is a leaf or a twin (true or false) of some vertex
in G; for each i, 2 < i < n. Hammer et al. [15] proved that a graph is distance-hereditary if and only if it has a one
vertex-extension ordering. We show that for a distance-hereditary graph G, V \ Cut(G) forms a minimum MEG set of G.

Theorem 3.1. Given a connected distance-hereditary graph G = (V, E), Man(G) = V \ Cut(G).

Proof. Our objective is to prove that every vertex v € V \ Cut(G) is mandatory in G. To prove this, we employ
induction on |V|. For the base case, |V| = 3; the only connected graphs of order 3 are P; and C3 and for both of them,
V \ Cut(G) = Man(G). So, the statement is true for base cases. For the induction hypothesis, let us assume that every
vertex v € V \ Cut(G) is contained in Man(G), whenever |V| < k.

Let us consider a connected distance-hereditary graph G = (V, E) with |V| = k+ 1, adhering to a one-vertex extension
ordering (vq, vy, . .., Uk, Urs+1). By the definition of a one vertex-extension ordering, G is constructed from G, by appending
V41 as either a pendant or a twin (true or false) to some vertex v;, where j < k. We inspect two potential scenarios.

Case 1: v is a twin of v; (refer to Fig. 3).

Note that Cut(G) = Cut(Gy) \ {v;} and V(G) \ Cut(G) = (V(Gy) \ Cut(Gy)) U {vj, vit1}. We show that V(G) \ Cut(G) is
contained in every MEG set of G. Since v; and v are twins, they are contained in every MEG set of G, by Observation
2.1. Hence, vj, vk+1 € Man(G).

By the induction hypothesis, the set V(Gy) \ Cut(Gy) is contained in every MEG set of Gi. By Theorem 2.1, this implies
that for any v € V(Gy) \ Cut(Gy), there exists u, € Ng,(v) such that any induced 2-path u,vx is part of a 4-cycle in G;.
Next, we show that v € Man(G). For the sake of contradiction, assume v ¢ Man(G); by Theorem 2.1, this implies that
there exists an induced 2-path u,vx that is part of no 4-cycle in G. But this implies that this 2-path was not present in
Gy (the path highlighted in blue in Fig. 3). Hence, x = vy,. This implies that v € N(v4+1) and u, € N(v) \ N(vr4+1); hence
v € N(vk4+1) \ {v;}. But note that v was mandatory in G, which implies u,vv; is part of a 4-cycle u,vvjx" in Gy (refer to
Fig. 3). This implies u, vy is also part of the 4-cycle u,vv,,1x" in G, leading to a contradiction. Hence, v € Man(G).

As a result, every vertex of V(G) \ Cut(G) is contained in Man(G). The proof of the case when vy is a false twin of vj,
is analogous, hence omitted.

Case 2: v is a pendant vertex adjacent to v;.

Note that Cut(G) = Cut(Gy) U {v;}. Since vy is a pendant vertex, it is contained in Man(G), by Theorem 2.2. By the
induction hypothesis, V(Gi)\ Cut(Gy) is contained in every MEG set of Gy. This implies that for every v € V(Gy)\ (Cut(Gy)U
{v;}), there exists u, € N(v) such that any induced 2-path u, vx is part of a 4-cycle. Hence, after the addition of the pendant
vertex vy adjacent to vj, the vertices in V(Gy) \ (Cut(Gy) U {v;}), which were mandatory in Gy, remain mandatory in G.
This implies that V(G) \ Cut(G) is contained in every MEG set of G.

Hence, by induction, we have shown that V \ Cut(G) € Man(G). As a result, V \ Cut(G) = Man(G) and V \ Cut(G) is a
minimum MEG set of G. O
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4. MEG for bipartite permutation graphs

A strong ordering (<x, <y) of a bipartite graph G = (X U Y, E) entails an ordering <y for the set X and an ordering
<y for the set Y. This ordering adheres to the condition that for any edges ab and agbg, where a,ay € X and b, by € Y,
if a precedes ag in <x and by precedes b in <y, then both aby and agb are edges in G. An ordering <x for X exhibits the
adjacency property if, for each vertex in Y, its neighbors in X appear consecutively in <x. Moreover, the ordering <x is
said to have the enclosure property if, for any pair of vertices y and y, in Y where N(y) is contained in N(yg), the vertices
of N(yo) \ N(y) are consecutive in <. Strong ordering, adjacency property, and enclosure property, as delineated above,
yield the subsequent result as discussed in previous literature.

Theorem 4.1 ([30]). The following statements are equivalent for a bipartite graph G = (X U Y, E):

1. G = (X UY,E) is a bipartite permutation graph.
2. G has a strong ordering.
3. There exists an ordering of X, which has the adjacency property and the enclosure property.

Hence, from Theorem 4.1, we can conclude that if G is a bipartite permutation graph, then G has a strong ordering.
We state another result from the previous literature.

Theorem 4.2 ([18]). Let (<x, <y) be a strong ordering of a connected bipartite permutation graph G = (X UY, E). Then both
<x and <y have the adjacency property and the enclosure property.

Let G = (X UY, E) be a bipartite permutation graph, which admits a strong ordering (<x, <y). Based on this ordering,
we define the following notations:

e f(v) = v/, where v’ € N(v) is the smallest neighbor of v with respect to the ordering (v’ < u for every u € N(v))
e [(v) = v/, where v’ € N(v) is the largest neighbor of v with respect to the ordering (u < v’ for every u € N(v)).

In the above definition, the notation < is used for both <x and <y, depending on the partition to which the vertex
belongs. Now we state a result from the previous literature which will be used in the upcoming proof.

Lemma 4.1 ([21]). Given a connected bipartite permutation graph G = (X UY, E) with its strong ordering (<x, <y), G satisfies
the following properties:

1. Given any vertex of G, its neighbor set consists of some consecutive vertices in <x or <y.
2. For a pair of vertices u, v from X or Y, if u < v then f(u) < f(v) and l(u) < I(v).

Throughout this section, we assume that G = (X U Y, E) is a bipartite permutation graph. Given a strong ordering
(<x, <y) of G, let the vertices of X and Y be ordered as x; <x X <x ...Xp and y1 <y ¥» <y ...Yyq, where p = |X| and
q = |Y]. When the context is clear, we write < instead of <x or <y. In this section we call x4, X, ¥1, ¥4 as extreme vertices
and all the other vertices as interim vertices.

Lemma 4.2. Given a connected bipartite permutation graph G = (X U'Y, E) with strong ordering (<x, <y) and an interim
vertex u € V(G), u is not a cut-vertex if and only if there exists ug € N(u) such that f(up) < u and l(ug) > u.

Proof. Without loss of generality, let u € X and u = x;. Let there exist uy € Y such that f(ug) < u and I(ug) > u. Suppose
that u is a cut-vertex. Let X; = {xq, ..., xi_1} and X/ = {xi+1, ..., Xp}. Next we prove the following claim:

Claim 4.1. G[X; U N(X;)] and G[X] U N(X/)] are connected.

Proof. We prove that G[X; U N(X;)] is connected, by showing that N(x;) N\ N(x;;1) # ¢, for all x; € X. Suppose that, there
exists x; € X; such that N(x;) N N(xj11) = @. So, I(x;) < f(xj+1) (by Lemma 4.1), hence I(x;) < f(x,) forall k € {j+1, ..., p}.
As a result, N(x;) N N(xx) = @, for all k € {j + 1, ..., p}. This implies that there does not exist any path from x; to x;;; in
G, which contradicts the fact that G is connected. Hence, N(x;) N N(xj41) # @, for all j € {1,...,i — 1}. This implies that
G[X; UN(X;)] is connected. Analogously, it can be shown that G[X; U N(X])] is also connected. O

Since up € N(X;) N N(X/), G[X; UN(X;) UX/ UN(X/)] is also connected (refer to Fig. 4(a) for better understanding). As a
result G\ {u} = G[(X; U N(X;) UX/ UN(X))] is a connected graph, which implies that u is not a cut-vertex. If u € Y, the
proof follows from similar arguments.

Conversely, assume that u is not a cut-vertex. For the sake of contradiction, assume that for every y; € N(x;),
either f(y;) = x or I(y;) = x;. Hence, N(x;) can be partitioned into two sets ¥y = {y € N(x;) | f(y) = x;} and
Y, = {y € N(x;) | (y) = x;}. Note that none of the sets Y; and Y; can be empty as x; is an interim vertex and G is a
connected graph. Consider any two vertices, y € Yy and y’ € Y;. Note that every y-y’ path contains x; (refer to Fig. 4(b)). As
a result, G\ {x;} is disconnected, which leads to a contradiction. Hence there exists a vertex uy € N(u) such that f(ug) < u
and l(up) > u. O
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AN
2

(a) u=x; is not a cut-vertex. (b) u =x; is not a cut-vertex.

Fig. 4. Figures used in the proof of Lemma 4.2.

Theorem 4.3. Given a connected bipartite permutation graph G = (X UY, E), we have Man(G) = V(G) \ Cut(G).

Proof. We show that every non-cut-vertex is a mandatory vertex. Note that if an extreme vertex u € V(G) is not a
cut-vertex, then it is either a pendant vertex or there exists u’ such that N(u) € N(u’). In both cases, u is a mandatory
vertex.

Now, we consider an interim vertex x; € X (without loss of generality), which is not a cut-vertex. By Lemma 4.2, there
exists y; € N(x;) such that f(y;) < x; and I(y;) > x;. Note that for any induced 2-path y;x;yx, two cases can occur.

Case 1: y; < y;. In this case x;_; € N(yx) N N(y;). This implies that y;x;y is part of a 4-cycle y;x;yiXi—1Y;.

Case 2: y; > y;. In this case x;11 € N(yx) N N(y;). This implies that y;x;y is part of a 4-cycle y;X;yiXi1Y;.
Hence x; is a mandatory verteX, by Theorem 2.1. The same can be shown for an interim vertex y; € Y which is not a
cut-vertex. As a result Man(G) = V(G) \ Cut(G). O

5. MEG for P,-sparse graphs

In this section, we propose an efficient algorithm that solves the MIN-MEG problem for P4-sparse graphs. The class of
P4-sparse graphs is an extension of the class of cographs. Below, we state a characterization theorem for P,-sparse graphs
from the previous literature.

Theorem 5.1 ([20]). A graph G is said to be P4-sparse if and only if one of the following conditions hold

G is a single vertex graph.

G = G1 U G;, where Gy and G, are P4-sparse graphs.

G = G1 ® Gy, where G and G, are P4-sparse graphs.

G is a spider which admits a spider partition (S, C, R) where either G[R] is a P4-sparse graph or R = (.

Hence, by Theorem 5.1, a graph that is P4-sparse and contains at least two vertices can be classified as either a join
or union of two P4-sparse graphs, or a particular type of spider (thick or thin). Consequently, in this section, we compute
meg(G) for each of the cases. First, we consider the case of G being a spider.

Lemma 5.1. Let G = (V, E) be a thin spider and (S, C, R) be the spider partition. Then, Man(G) = S UR, which is a minimum
MEG set of G.

Proof. Note that by Observation 2.1, S is contained in every MEG set (as every vertex of S is a pendant vertex) and no
vertex in C can be part of a minimum MEG set, as they are cut-vertices. Now if R 7~ ¢, then for eachr € Rand foranyc € C,
N[r] C N[c], hence by Observation 2.1, r is contained in every MEG set. As a result meg(G) = |[Man(G)| = |S| + |R|. O

Lemma 5.2. Let G = (V, E) be a thick spider and (S, C, R) be the spider partition. Then, meg(G) = |S| + |R|, if |C| = 2 and
meg(G) = |Man(G)| = |V|, otherwise.

Proof. Note that if |C| = 2, then G is a thin spider; hence, the result follows from the previous lemma. Now, let |[C| > 3.
Consider any two distinct vertices ¢;, ¢; from C. The only induced 2-path of type cjcix is cjc;s;, which is part of a 4-cycle
cicisick, where k ¢ {i, j}; such k exists as |C| > 3. This implies that ¢; is a mandatory vertex for every ¢; € C. Now if R # 0,
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then for any r € R (or s € S), N[r] C NJc] (or N[s] C N[c]), for any ¢ € C. Hence, by Observation 2.1, RU S is contained
in every MEG set. As a result meg(G) = |V| = [Man(G)|. O

Now, the only case that remains to be handled is when G is a join of two P4-sparse graphs G; and G,. Note that if G;
and G, both are nontrivial graphs (having more than one vertex), then meg(G) = |V(G)|. Now assume that, without loss
of generality, |V(Gy)| = 1 and V(G;) = {v}. Two cases can appear. In the first case, if G, is a disconnected graph, then v is
a cut-vertex and N[x] € N[v] for any x € V(G,), hence meg(G) = |V(G,)|. For the other case, let G, be a connected graph.
In that case, we propose the following lemma.

Lemma 5.3. Let G = G, @ G; and V(Gy) = {v} and G, is a nontrivial connected P4-sparse graph. Then,

1. meg(G) = n, if there exists a vertex u in G,, which satisfies the property that dg,(u, x) < 2 for every x € V(G) \ {u}.
2. meg(G) = n — 1, otherwise.

Proof. Note that for every vertex x € V(G,), N[x] C N[v]. As a result, x belongs to every MEG set of G, implying V(G,) C M,
where M is any minimum MEG set of G. Suppose that there exists a vertex u € V(G;), with the property: dg,(u, x) < 2
for every x € X. Now consider any induced 2-path uvy. Clearly, u, y are not adjacent. Hence dg,(u, y) = 2. So, uvy is part
of a 4-cycle, as y is at distance 2 from u in the graph G,. Hence, by Theorem 2.1, v is a mandatory vertex in G, for every
v € V(G); which implies that meg(G) = n.

Now, let us assume that no such vertex u exists. Consider any edge vx, x € V(G,). By assumption, there exists a vertex
x' € V(Gy) such that dg,(x, x') > 3. Hence, the pair x, X' monitors the edge vx. Since x is arbitrary in G,, then every edge
of the form vx can be monitored by some pair of vertices in G,. Hence, meg(G)=n—1. O

Hence, from the above discussion and Lemmas 5.1-5.3, the following theorem can be concluded:
Theorem 5.2. Given a connected P4-sparse graph G = (V, E), meg(G) = |Man(G)|.
6. MEG for strongly chordal graphs

In this section, we consider that G = (V, E) is a connected strongly chordal graph. We use the definition of strongly
chordal graphs from [8]. We define a vertex v € V as simple if the vertices within its closed neighborhood can be arranged
as follows: Ng[v] = v1, va, ..., v, where vy = v and Ng[v;] € Ng[v;] for 1 <i <j < r. A graph G is strongly chordal if
every induced subgraph of G contains a simple vertex. An ordering o = (v1, vo, ..., v,) of vertices in V is called a strong
elimination ordering (SEQ) if v; is a simple vertex in G[v;, viy1, ..., vy]. A graph is strongly chordal if it admits an SEO.
We show that the set of mandatory vertices forms an MEG set for all strongly chordal graphs.

Theorem 6.1. For any strongly chordal graph G, Man(G) forms a minimum MEG set of G.

Proof. We show this by induction on the order n the graph G, n. For n = 3, the strongly chordal graphs are P; and Cs;
the statement is true for both of these graphs. As a result, the statement is true for base cases. Now, let the statement
be true for n = k. For n = k + 1, let us consider a strongly chordal graph Gy, with SEO v; < vy < -+ < Ugg1.
Now define Gy := Gyy1[v, vs, ..., Uks1]. Let us consider the neighborhood of vy as N(v1) = {vj;, vi,, ..., v}, where
N[vi,] € N[v;,] € ... € N[v;]. First, we show the following claims.

Claim 6.1. Man(Gy) \ {vy} S Man(Gyy1) S Man(Gy) U {vq, v;,}.

Proof. Note that by Observation 2.1, N[v1] \ {vy} € Man(Gy4) as for every v € N[v1]\ {vy}, N[v] S N[v;]. Now, V(Gyy1)
can be partitioned as V(Gy,1) = N[v1]UV’, where V' is the set of all non neighbors of v;. Let us consider a vertex v € V'.
Two cases can appear.

Case 6.1.1: v € Man(Gy)

This implies that a vertex u € N¢, (v) exists such that every induced 2-path uvx is part of a 4-cycle. Now, after adding
v; to the vertex set, the neighbor set of v has not expanded, as v is not a neighbor of v;. This implies that every induced
2-path uwvx is still part of a 4-cycle. This implies v € Man(Gy1).

Case 6.1.2: v ¢ Man(Gy)

For the sake of contradiction, let v € Man(Gy,1). This implies that there exists u € Ng,,,(v) such that every induced
2-path uvx is part of a 4-cycle uvxx’. Note that u # vy, as v is not adjacent to vy. But since v was not a mandatory vertex
in Gy, for this u, there must exist an induced 2-path uvx in Gy, which is not part of any 4-cycle in G. This implies that
the 4-cycle uvxx’ in Gy, 1, of which uvx is part of, must include v;. This implies that X' = vy and u, x € N(v1). As a result,
there is an edge between u and x (refer to Fig. 5), as the graph induced on N[vq] is a clique. So, uvx is not an induced
2-path, which leads to a contradiction. Hence, v ¢ Man(Gy1).

This implies Man(Gy) NV’ = Man(Gy41) NV’ and N(v1) \ {v;,} € Man(Gy) and N[v{]\ {v;;} € Man(Gi41). As a result, the
claim follows. O
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Fig. 5. v is a mandatory in Gy, but not in Gy.
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Gy,

(a) The pair vy, v" monitors both the edge vyv;, and uv. (b) The pairs vy, a and vy, b both monitors the edge
'l),'1 v1.

Fig. 6. v; is a pendant vertex and v;, is the stem.

Claim 6.2. If vy is a pendant vertex, then Man(Gy1) is a minimum MEG set of G.

Proof. Note that if v; is a pendant vertex in Gy, then N(vq1) = {v;, }. This implies that Man(Gy41) = (Man(Gi)\ {v;, })U{v1}.
By the induction hypothesis, Man(Gy) is an MEG set of Gi. If v, € Man(Gy), then there exists an edge uv € E(Gy) that is
only being monitored by v;, and v’ for some v’ € Man(Gy); such that no other pair in Man(Gy) monitors uv. Evidently, uv
and vyv;, can both be monitored by vy, v in Gy (refer to Fig. 6(a)).

If v;; ¢ Man(Gy), then all the edges in Gr1 except vqv;, are being monitored by some pair of vertices in Man(Gy).
The only edge that remains to be monitored is vqv;,. Consider any edge of the form v;, x in Gy. It is monitored by some
a, b € Man(Gy). Hence, it is not hard to see that either the pair a, v; or the pair b, vy monitors the edge viv;, (refer to Fig.
6(b)). As a result in both of the cases, meg(Gyy1) = [Man(Gyy1)|. O

So, from now on, let us assume that |Ng,,,(v1)| > 2, that is v; is not a pendant vertex in Gy 1.
Claim 6.3. If v; € Man(Gy.1), then v;, € Man(Gy).

Proof. Suppose that, v; € Man(G.1) but v; ¢ Man(Gy). Then for every u € Ng,(v;), there exists an induced 2-path
uvyx in G, which is not part of any 4-cycle in Gi. But since, v; € Man(Gy1), there exists u; € Ng,,(v;) such that every
induced 2-path u;v;x is part of a 4-cycle u;v;xx’ in Gq. This 4-cycle was clearly not present in Gy, which implies that
either u; = vy or X' = vy. If u; = vy, then for every neighbor x of v, x is also adjacent to a vertex x’ in N(vq) \ {v;} (refer
to Fig. 7). This implies x € N[v;_,], hence N[v;_,] = N[v;], which implies that v; € Man(Gy), by Observation 2.1, leading
to a contradiction. If X' = vy, then u;, x € N(vq). This implies that an edge exists from u; to x, as the graph induced on
N[v1] is a clique, which contradicts the fact that u;vx is an induced 2-path. As a result, v;, € Man(Gy). O
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Grm

Fig. 7. u; = vy implies that N[v;_,] = N[v;].

Claim 6.3 implies that if the vertex v; is mandatory in Gy, then it was also mandatory in Gi. Two cases may appear
for vj,. The rest of the proof proceeds as follows:

e In Case 1, we consider v;, € Man(Gy1) and show that Man(Gy.1) forms an MEG set.

e In Case 2, we consider v; ¢ Man(Giyq). Here again, two subcases may appear, v; ¢ Man(Gy) (Case 2.1) and
v;, € Man(Gy) (Case 2.2). In both of the subcases, we show that Man(Gy1) forms an MEG set.

Case 1: v, € Man(Gy41)
By Claim 6.3, vy € Man(Gy). In this case, Man(Gy41) = Man(Gy) U {v1}. Now, by induction hypothesis, Man(Gy) is an
MEG set of G;. Next we prove the following claim:

Claim 6.4. v, does not belong to any shortest x-y path, where x,y € V(Gy).

Proof. Clearly, none of the x, y is v; as they both belong to V(Gy). Suppose that, P = ((x =)x1x ...Xx(=y)) is a shortest
x-y path which contains v;. Let x; = v; for some 1 < i < k. Then the vertices x;_1, x;.1 are adjacent in G (and in Gy
as well), as N[vq] induces a clique. This implies that x1X, ...X;_1Xj11 ...Xy is a path between x and y which has smaller
length than P, which contradicts the fact that P is a shortest x-y path. As a result v; does not belong to any shortest x-y
path. O

Hence, all the edges in Gy,; that do not have v; as an endpoint are being monitored by some pair of vertices in
Man(Gi). Now since N[v;] € Man(Gyy1), then all the edges of the form v;x are being monitored by vy and x, as
x € N[v1] € Man(Gy41). Hence, Man(Gy1) is an MEG set of Gy 1.

Case 2: v;, ¢ Man(Gy1)
In this case, either v;, € Man(Gy) or v;, ¢ Man(Gy).

Case 2.1: v;, ¢ Man(Gy)

If v, ¢ Man(Gy), then all the edges in E(Gi41) which do not contain v; as an endpoint are monitored by some pair in
Man(Gy). All the edges of the form v1v;; are monitored by vy, Uij» for every 1 <j <[ — 1. Now, the edge that is yet to be
monitored is v;v;. Note that the edge v;_,v; is being monitored by v; , and v’ for some v’ € Man(Gy). This implies that
every shortest path between v;_, and v’ contains the edge v;,_,v;,. As a result, every shortest v;-v" path also contains the
edge vyv;, if not then there exists a shortest v;_,-v’ path that bypasses the edge v;_, v, which leads to a contradiction
(refer to Fig. 8). As a result, Man(Gy1) forms an MEG set of Gy 1.

Case 2.2: v;, € Man(Gy)

Let v; € Man(Gy), which implies that Man(Gy41) = (Man(Gy) \ {v;}) U {v1}. Now define E; as the set of edges in Gy
which were only being monitored by v;, v’, for some v € Man(Gy) and no other pairs in Man(Gy). Note that every edge
in E(Gr4+1) \ E; is being monitored by some pair in Man(Gy41). Hence, it is sufficient to prove that every edge in E; can be
monitored by some pair in Man(Gy1). Consider an edge e € E,.

Case 2.2.1: v; is not an endpoint of e.
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Gt

Gy

Fig. 8. The pair vy, v" monitors the edge vv;,.

Fig. 9. e is not incident to vj,.

If v;, is not an endpoint of e, then in G, e was monitored by v, v’ € Man(Gy). Note that v’ ¢ N[v;]. Every shortest
v;-v’ path contains the edge e. Next we show that every shortest v;-v" path also contains e (refer to Fig. 9).

Claim 6.5. Every shortest v{-v’ path also contains e.

Proof. Let there exist a shortest v-v’ path P = ((v1 =)x1x,...x(= v')) that does not contain e. Note that v; does
not belong to the path (as it will contradict the fact that every shortest v;-v" path contains the edge e). Without loss of
generality, let us assume that x, = v;_,. Note that d(vq, v') = 14 d(vj, V'), or vyx; ... x(= v') is a shortest v;-v’ path
that does not contain e, leading to a contradiction. This implies that d(v;,, v") = d(v;_,, V).

So, vj,_,X3...Xx is a shortest v;_,-v" path that bypasses e. Since N[v; ,] S N[v;], x3 is also adjacent to v;, hence
;X3 ... X, is a shortest v;-v’ path that avoids e, which is a contradiction to the fact that v;, v’ monitor e. Hence, every
shortest v1-v’ path also contains e. O

Case 2.2.2: v; is an endpoint of e.

If v; is an endpoint of e, then let the other endpoint be v. Note that in Gy, the edge v;v was monitored by v; and v’
for some v'.

At first let us consider the case v ¢ Ng,,(v;_, ); such v exists as N[v;_,] C N[v;] (otherwise v;_,, v; are twins, hence
v; will be a mandatory vertex of Gi,1). Now note that dg,,, (v, v1) = 2 and vu;v; is the unique shortest path from v; to
v. Hence, the edge v;v is contained in every shortest v;-v" path (refer to Fig. 10). Note that the edges vyv; and v;_,v; are
also monitored by the pairs vy, v’ and v;_,, v/, respectively.

Let v € Ng,,,(vi_,). Note that there exists x € N[v;] \ N[v;,_,] such that the induced 2-path vvx is part of no 4-cycle.
If not, then by Theorem 2.1 v;, would be mandatory in G, as well. Now the edges v;v and v;x are being monitored by
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Fig. 10. v;v is being monitored by v; and v'.

Fig. 11. e is incident to vy,.

vy, v and v, X/, respectively in Gy (refer to Fig. 11). We also consider v’ (and x’) to be the minimum distance mandatory
vertex from v such that v; and v’ (v; and x’) monitor the edge v;v (v;x). Note that v’ # X'; since if v' = x/, then every
shortest v;-v’ path contains both of the edges v;v and v;x, which is a contradiction.

We show that v’, X" monitor the edge v; v in Gy1. Now, for the sake of contradiction, assume that there exists a shortest
v’-x' path P that bypasses the edge v;v (refer to Fig. 12(a)).

Let v (and x}) be the nearest vertex form vy, that is present in P N quv’ (and PN Pvi,x’) (refer to Fig. 12(a)), where Py p,
is defined to be any shortest a-b path. Since P is a shortest path from v’ to ¥, then dp(v}, X) < d(v}, vy)+d(x], vy). Let C
be the cycle which is constructed with the boundaries P(v], x}), PX/1 v and quvﬁ (Refer to Fig. 12(a)). Note that there must
be at least one chord attached to v; in the cycle C. If not, since vv;x form an induced 2-path, then vv;x is part of a cycle
of length at least 4, which does not have any chord, leading to a contradiction. Hence, v;, has at least one chord attached
to it in C. Let v;y be one such chord; then we show that y lies in P(v], x}) in the next claim.

Claim 6.6. y lies in P(v}, x}).

Proof. If y does not lie in P(v], x}), then y must lie in the path between v; and x; (or the path between v; and v}). If it
lies on the path between v; and X} (resp. between v; and v}), then we have a path from v; to x’ (resp. between v; and
v’) which has length smaller than d(v;, x') (resp. d(v;, v")), which is a contradiction. Hence, y lies in P(v], x}) (refer to Fig.
12(b)). O

Note that d(x},y) > d(x}, v;) and d(v},y) > d(v], vy). If not, then there exists a shorter or equal length path from
v’ to v;, (from X to v;) that bypasses the edge v;v (resp. v;x), which is a contradiction to the fact that the pair vj, v’
(resp. vy, x') monitors the edge v;v (resp. vx). Hence dp(x}, v}) = d(x},y) + d(y, v}) = d(v}, vi;) + d(x], vy), implying
dp(x}, v}) = d(v}, vy) + d(x}, v,). This implies that d(x},y) = d(x}, v;) and d(v,y) = d(v], v;), which implies that the
vertex y is unique in P(v], x). This fact together with Claim 6.6 implies that in C, v;, is incident to exactly one chord.
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Uiz

(a) Another shortest path P from v’ to x'. (b) v; is incident to exactly one chord in C.

Fig. 12. The cycle C created by two distinct paths from v’ to X'.

Now note that if v and y are not adjacent, then the induced 2-path yv; v is part of a chordless cycle of length at least 4,
which is a contradiction. Hence vy € E(Gy41). Similarly, it can be shown that xy € E(Gy41). Hence vv;x is part of a 4-cycle
vv;xyv, which leads to a contradiction. Hence v’ and X’ monitor vvj,.

Hence, until now, we showed that all edges in E; can be monitored by the vertices of Man(Gy) \ {v; }. Hence, combining
this fact with Claims 6.1 and 6.3, we can conclude that Man(Gy..1) forms a minimum MEG set of G, 1. Hence, meg(G) =
|[Man(G)| for every strongly chordal graph G. O

7. Conclusion and future aspects

In this paper, we solved the complexity status of the MIN-MEG problem for some well-known graph classes. Next, it
will be interesting to address the following questions.

Question 1. For any bipartite permutation graph G, we showed that Man(G) = V \ Cut(G), and the graph mentioned in [11,
Figure 4] (a path on six vertices with an added universal vertex, which is a permutation graph) shows that this is not always
the case for permutation graphs. However, do we have |Man(G)| = meg(G) when G is a permutation graph?

Question 2. For any strongly chordal graph G, we showed that |Man(G)| = meg(G), and this was also shown to be true for
well-partitioned chordal graphs in [10,11]. Does this property hold for chordal graphs as well?

Question 3. As can be seen in Fig. 1, the complexity status of the MIN-MEG problem is open for graph classes such as circle
graphs, permutation graphs, chordal graphs, cocomparability graphs, etc. Is the MIN-MEG problem efficiently solvable for these
graph classes?

Question 4. Does there exist a sufficient condition for the following property: meg(G) = |Man(G)| or meg(G) = |Man(G)| =
|V \ Cut(G)|, to hold for a graph G?

While the idea of identifying a general sufficient condition under which meg(G) = |[Man(G)| or meg(G) = |Man(G)| =
[V \ Cut(G)| holds, is appealing; we believe that such a characterization may be extremely difficult to obtain, if it exists
at all. Notably, any such condition would necessarily encompass all graphs satisfying meg(G) = |V(G)|, which represents
a vast and structurally diverse collection of graphs. This includes, for example, complete bipartite graphs, hypercubes etc.
The condition should also hold for all the graph classes which are considered in this paper. These families of graphs have
very little in common from a structural standpoint.
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