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 a b s t r a c t

In the Path Cover problem, one asks to cover the vertices of a graph using the smallest pos-
sible number of (not necessarily disjoint) paths. While the variant where the paths need to be 
pairwise vertex-disjoint, which we call Path Partition, is extensively studied, surprisingly little 
is known about Path Cover. We start filling this gap by designing a linear-time algorithm for
Path Cover on trees. We show that Path Cover can be solved in polynomial time on graphs 
of bounded treewidth using a dynamic programming scheme. It runs in XP time 𝑛𝑡𝑂(𝑡)  (where 𝑛
is the number of vertices and 𝑡 the treewidth of the input graph) or 𝜅𝑡𝑂(𝑡)𝑛 if there is an upper-
bound 𝜅 on the solution size. A similar algorithm gives an FPT 2𝑂(𝑡 log 𝑡)𝑛 algorithm for Path 
Partition, which can be improved to (randomized) 2𝑂(𝑡)𝑛 using the Cut&Count technique. These 
results also apply to the variants where the paths are required to be induced (i.e. chordless) and/or
edge-disjoint.

1. Introduction

Path problems in graphs are fundamental problems in algorithmic graph theory, consider for example the problem of computing 
shortest paths in a graph, which has been one of the first studied graph problems for which efficient algorithms were obtained [2, 
Chapter 24]. Finding disjoint paths is also a problem of utmost importance, both in algorithmic and structural graph theory [3]. When 
it comes to covering the graph, the Hamiltonian Path problem is another classic path-type problem studied both in combinatorics 
and computer science. We study its generalizations, Path Cover and Path Partition, which are about covering the vertices of 
a path using a minimum number of paths (unrestricted and pairwise vertex-disjoint, respectively). They are formally defined as
follows.

⋆ A preliminary version of the paper appeared in the proceedings of the CALDAM 2025 conference [1].
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Path Cover
 Input: A graph 𝐺.
 Task: Compute a minimum-size path cover, that is, a set of paths of 𝐺 such that every vertex of 𝐺 belongs to at least 

one of the paths.

Its variant that requires the solution paths to be pairwise vertex-disjoint is very well-studied and defined as follows.

Path Partition
 Input: A graph 𝐺.
 Task: Compute a minimum-size path partition, that is, a set of pairwise vertex-disjoint paths of 𝐺 such that every 

vertex of 𝐺 belongs to exactly one of the paths.

Our goal is to study the algorithmic complexity of Path Cover and Path Partition on trees and graphs of bounded treewidth. 
Treewidth is an important graph parameter and the associated tree decompositions enable to solve various problems efficiently when 
this parameter is bounded. We refer to the book [4] for more on the topic of algorithms for graphs of bounded treewidth.

Related work. As both problems generalize Hamiltonian Path (which amounts to decide whether a graph can be covered by a 
single path), they are both NP-hard, and this holds even, for example, for 2-connected cubic bipartite planar graphs [5]. Note that
Hamiltonian Path is W[1]-hard for cliquewidth [6] (this is originally proved for Hamiltonian Cycle, but a standard reduction 
from Hamiltonian Cycle to Hamiltonian Path yields the result: take any vertex, make a twin for it, and attach a pendant vertex 
to each twin). Hence, both Path Cover and Path Partition are W[1]-hard for cliquewidth, which generalizes treewidth (in the 
sense that every graph of bounded treewidth has bounded cliquewidth).

Most work in the literature refers to Path Partition as “Path Cover”, which is unfortunately misleading. Path Partition is 
much more studied than Path Cover, see [7,8] for examples of such works on Path Partition. In some cases, Path Partition
was also called Hamiltonian Completion [9–11]. To avoid any confusion between the two problems, we use the terminology of
Path Cover and Path Partition as defined above, a choice taken from the survey [12] on path-type problems. Also see the PhD 
theses [13,14].

Several papers from the 1970s studied Path Partition on trees [10,11,15]. However, they did not explicitly analyze the 
running times of their algorithms. A properly analyzed linear-time algorithm was given in 2002 [9]. Path Partition was also 
shown to be solvable in polynomial time on many other graph classes such as cographs [16], distance-hereditary graphs [8], co-
comparability graphs [7] (which contain all interval graphs), or block graphs/cactii [17]. We do not know of any explicit algo-
rithm for Path Partition on graphs of bounded treewidth, but algorithms exist for the closely related Cycle Partition problem
[18].

We refer to [14,19–22] for the few references about Path Cover that we are aware of. Notably, a polynomial-time algorithm for
Path Cover on block graphs was given in the PhD thesis [14]. The variants where we need to cover the edges of the graph are also 
studied, see [23,24].

Both Path Cover and Path Partition have numerous applications, in particular in program testing [21], circuit testing [23], or 
machine translation [25], to name a few. Although Path Partition is more widely studied, Path Cover is also a natural problem, 
with specific applications in bio-informatics when restricted to directed acyclic graphs [19,22].

Variants of Path Cover and Path Partition are also studied, where the solution paths must be induced/chordless, shortest 
paths, bounded length paths, etc. We refer to [12] for a survey. Recently, the variant of Path Partition with shortest (isometric) 
paths was studied with respect to treewidth, where it was shown to be XP but W[1]-hard for treewidth [26].

Our results. Although Path Partition is well-studied on trees and other graph classes, surprisingly, this is not the case of Path 
Cover. Note that despite the two problems having similar statements, they typically have very different optimal solutions. For 
example, on a star with 𝑘 leaves, an optimal path partition has size 𝑘 − 1, but an optimal path cover has size ⌈𝑘∕2⌉.

We first focus (in Section 2) on Path Cover on trees, for which no linear-time algorithm has been given in the literature. For trees, 
the size of an optimal solution is given by the ceiling of half of the number of leaves. The proof of this fact was given by Harary and 
Schwenk in 1972 [24] for the problem of covering the edges of the tree. An analysis of their proof yields a quadratic-time algorithm. 
We show how Path Cover can in fact be solved in linear time on trees, by giving an improved algorithm based on depth-first-search 
(DFS).

We then study graphs of bounded treewidth in Section 3. We design an explicit dynamic programming algorithm that runs 
in time 𝑛𝑡𝑂(𝑡)  for graphs of treewidth at most 𝑡 and order 𝑛. In fact, this algorithm runs in time 𝜅𝑡𝑂(𝑡)𝑛, where 𝜅 is the maxi-
mum number of allowed paths in a solution (the “solution size” if we reformulate Path Cover as a decision problem). With a 
slight simplification, the same algorithm also solves Path Partition and runs in improved FPT running time 2𝑂(𝑡 log 𝑡)𝑛. However, 
we show in Section 4 how to obtain a randomized algorithm for Path Partition running in time 2𝑂(𝑡)𝑛 using the Cut&Count
technique.

It is not clear whether Path Cover can be solved in FPT time as well or not; however, we give some indications of why that 
might not be the case.
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Moreover, we argue that our algorithms also apply to the versions of both Path Cover and Path Partition where the paths in 
the solution are required to be induced (i.e. chordless) or pairwise edge-disjoint. These variants have been studied in the literature 
(see [12,27] and references therein).

We finally conclude in Section 5.

2. A linear-time algorithm for Path Cover on trees

We first study Path Cover on trees. In [24, Theorem 7], it is proved that the minimum number of paths needed to cover the edges
of a tree is equal to ⌈𝓁∕2⌉, where 𝓁 is the number of leaves. This is an obvious lower bound, since for any leaf of a tree, there must 
be a solution path starting at that leaf. This also holds for covering the vertices. The argument of [24], based on pairing the leaves 
arbitrarily and switching the pairing to increase the number of covered vertices at each step, leads to a quadratic-time algorithm for
Path Cover on trees. We next present an algorithm for solving Path Cover on trees with a runtime that is linear in the number of 
vertices.

Theorem 1. Path Cover can be solved in linear time on trees, and the optimal size of a solution for a tree with 𝓁 leaves is ⌈𝓁∕2⌉.

Consider the input tree 𝑇  to be rooted at an arbitrary internal vertex 𝑟 of 𝑇 . The intuition here is to cover the vertices of the tree 
by simulating the Depth-First-Search (DFS) algorithm with some modifications in the steps, thus the running time would become the 
same as the running time of DFS.

First, we recall the recursive DFS algorithm, see e.g. [2, Chapter 22.3]. In this algorithm, there are two timestamps assigned 
to each vertex: the first timestamp is given when we discover the vertex for the first time while traversing the tree, and the 
second timestamp is given when we finish traversing all the vertices of the sub-tree rooted at that particular vertex. We use 
these timestamps in our algorithm. We use the first timestamp to mark the vertex 𝑣 as visited and the second timestamp to con-
sider a valid solution of Path Cover to cover the vertices rooted at 𝑣, including 𝑣. The algorithm starts at the root and marks 
the vertices as visited in DFS order until it reaches a leaf. At the leaf on the way back, it starts a path with endpoints at the 
leaf and continues toward the parent, and the paths are recorded. Now we need some definitions to specify the steps of our
algorithm.

We use 𝑝 = (𝑥1, 𝑥2,… , 𝑥𝑘) as a notation for paths where 𝑥𝑖 are all distinct vertices of 𝑇  connected by the path 𝑝. The vertices 
𝑥2,… , 𝑥𝑘−1 are internal vertices; the vertices 𝑥1 and 𝑥𝑘 are endpoints of the path 𝑝.

Definition 2.  A path is closed if both of its endpoints are leaves, and a path is open if one of its endpoints is not a leaf. We assume a 
singleton path at a leaf of the tree to be an open path. 

Definition 3. Let 𝑣 be a vertex in the tree 𝑇  and  be a set of paths in the subtree rooted at 𝑣. For instance 𝑝1 = (𝑎1,… , 𝑎𝑗 ) and 
𝑝2 = (𝑏1,… , 𝑏𝑘) are two paths in  = {𝑝1, 𝑝2,…} where 𝑎1 and 𝑏1 are leaves of 𝑇 . We define the following operations:

• We use the notation  ⋅ 𝑣 to concatenate the paths in  with vertex 𝑣, that is, For each path 𝑝 ∈  if there exists an edge 
between 𝑣 and the endpoint of 𝑝 ∈  , then we add vertex 𝑣 to the path 𝑝. As an example, if 𝑎𝑗𝑣, 𝑏𝑘𝑣 ∈ 𝐸(𝑇 ), then  ⋅ 𝑣 =
{(𝑎1,… , 𝑎𝑗 , 𝑣), (𝑏1,… , 𝑏𝑘, 𝑣),…}. If  = {𝑝} for a single path 𝑝, we write 𝑝 ⋅ 𝑣 as shorthand for  ⋅ 𝑣.

• Two vertex-disjoint open paths 𝑝1 = (𝑎1,… , 𝑎𝑗 ) and 𝑝2 = (𝑏1,… , 𝑏𝑘) are combined at the vertex 𝑣 if 𝑣 is connected to one of the 
endpoints of each path. By combining 𝑝1 and 𝑝2 at vertex 𝑣, we obtain a new path, formally, 𝑐𝑜𝑚𝑏(𝑝1, 𝑝2) = (𝑎1,… , 𝑎𝑗 , 𝑣, 𝑏𝑘,… , 𝑏1).

Let 𝑇𝑣 be the subtree of 𝑇  rooted at a given vertex 𝑣. Let {𝑇 1
𝑣 , 𝑇

2
𝑣 ,…} be the set of connected components of 𝑇𝑣 ⧵ {𝑣}. Two open 

paths coming from these connected components to 𝑣 can only be combined at 𝑣 if they are coming from two different components 
from {𝑇 1

𝑣 , 𝑇
2
𝑣 ,…}. Since, for the combining operation, the paths need to be vertex-disjoint, the open paths coming from the same 

component to 𝑣 can not be combined at 𝑣. Two open paths are called unrelated if they come from two different components from 
{𝑇 1

𝑣 , 𝑇
2
𝑣 ,…} at 𝑣.

We say that a path is extended at a vertex 𝑣 if it does not terminate at 𝑣, but continues through 𝑣 towards the root.
In the algorithm, for each vertex 𝑣 ∈ 𝑇 , we define three sets of paths:

• close𝑣  is a set of paths that consists of closed paths combined at vertex 𝑣,
• open𝑣  is a set of paths that consists of open paths that will be extended further from vertex 𝑣,
• 𝑣 is the set of all paths that are extended as open paths from the children of 𝑣.

Among these sets, we need to store the set open𝑣  corresponding to each node for further usage in the parent node of 𝑣.
The aim of our algorithm is to have all paths closed, and when a path is open it means we extend the path until it gets combined 

and closed. Note that we mark a vertex covered when all the vertices of the subtree rooted at that vertex are visited and covered. 
Now, we present Algorithm 1 to compute a path cover of 𝑇 . The input to our algorithm is a tree 𝑇 , a designated root vertex 𝑟, and 
a solution set 𝑆, which is initially ∅. After the execution of Algorithm 1, the solution set 𝑆 provides an optimal path cover of 𝑇 . We 
store a path 𝑝 = (𝑎1, 𝑎2,… , 𝑎𝑗 ) in terms of its endpoints i.e. 𝑝 = (𝑎1, 𝑎𝑗 ).

Throughout this section, 𝑟 denotes the fixed root of 𝑇 , whereas 𝑣 denotes the vertex processed in the current recursive call. The 
algorithm is initially called as 𝑃𝐶(𝑇 , 𝑟, 𝑆).

Theoretical Computer Science 1086 (2026) 116226 

3 



F. Foucaud, A. Majumder, T. Mömke et al.

Algorithm 1 𝑃𝐶(𝑇 , 𝑟, 𝑆).
1: Mark the current vertex 𝑣 as visited
2: for Each child 𝑢 of 𝑣 do
3:  if 𝑢 is unvisited then
4:  recursively call 𝑃𝐶(𝑇𝑢, 𝑢, 𝑆)
5:  end if
6: end for
7: if 𝑣 is a leaf then
8:  open𝑣 ⟵ {(𝑣, 𝑣)}  and close𝑣 ⟵ ∅
9: else
10:  𝑣 ⟵

⋃

𝑐
open𝑐 ⊳ taking a union over all the paths coming from all children 𝑐 of 𝑣

11:  close𝑣 ⟵ ∅
12:  while |𝑣| > 2  do
13:  Find two unrelated paths 𝑝𝑖 and 𝑝𝑗
14:  close𝑣 ⟵ close𝑣

⋃

comb(𝑝𝑖, 𝑝𝑗 )
15:  𝑣 ⟵ 𝑣 ⧵ {𝑝𝑖, 𝑝𝑗}
16:  end while
17:  if 𝑣 = 𝑟 and |𝑣| = 2 then
18:  close𝑣 ⟵ close𝑣

⋃

comb(𝑝1, 𝑝2)
19:  else if 𝑣 = 𝑟 and |𝑣| = 1 then
20:  close𝑣 ⟵ close𝑣

⋃

𝑝1 ⋅ 𝑣
21:  else
22:  open𝑣 ⟵ 𝑣 ⋅ 𝑣 ⊳ when 𝑣 ≠ 𝑟 and |𝑣| ≤ 2
23:  end if
24: end if
25: Mark 𝑣 as covered
26: 𝑆 ⟵ 𝑆

⋃

close𝑣
27: return open𝑣

The algorithm begins its search from the root, marks each vertex visited, and recursively calls itself until it reaches a leaf (say 𝑣) 
[line 1–6]. The algorithm starts a singleton path (𝑣, 𝑣) from the leaf and extends the path to its parent as an open path (line 8) and 
marks 𝑣 as covered.

During the backtracking process, at each visited vertex 𝑣, the algorithm marks 𝑣 as covered when all its children are visited and 
covered. For each vertex 𝑣, other than a leaf and the root of 𝑇 , 𝑣 contains all the open paths coming from its children. It is clear from 
line 22 that each child can forward at most two open paths to its parent. Therefore if |𝑣| ≥ 3, we will always get two unrelated paths 
coming from two different children of 𝑣 that can be combined to create a closed path. In the while loop in (12–16) we precisely do 
it. The algorithm constructs close𝑣  by combining all possible pairs of unrelated paths at 𝑣 and adding them to the final solution set 𝑆
(line 26).

The steps the algorithm follows for the root 𝑟 of 𝑇  are the same as any other internal vertex, except all the open paths are closed 
at this point. If the number of open paths in 𝑟 is even, all the paths are combined at 𝑟 and closed (line 18). Note that 𝑟 is an internal 
vertex of 𝑇 . Therefore, the number of children of 𝑟 ≥ 2. Hence, it is always possible to close all pairwise unrelated paths at 𝑟. If the 
number of paths in 𝑟 is odd, we make 𝑟 as the endpoint of the only remaining open path, which cannot be combined with any other 
path (line 20). We are now ready to prove Theorem 1.
Proof.  (Proof of Theorem 1) First, we have to prove that the size of 𝑆 is ⌈ 𝓁

2

⌉ where the number of leaves of 𝑇  is 𝓁. We start a path 
in the leaf of 𝑇  and keep it as an open path as long as it is not combined with another path and closed. When a path is closed, 
both of its endpoints become leaves of 𝑇 . Additionally, in the root, all the paths get closed except for possibly one path. Hence, for 
an even number of leaves, the size of 𝑆 is 𝓁2  and for an odd number of leaves, the size of 𝑆 is 𝓁−12 + 1, which proves the first part 
of the theorem. Now, we show that the running time of Algorithm 1 is 𝑂(𝑛) where 𝑛 is the number of vertices of 𝑇 . Algorithm 1 
closely resembles the DFS algorithm, with the addition of some constant time operations to store the paths covering the vertices. 
Two operations, comb(𝑝, 𝑞) and 𝑣 ⋅ 𝑣 take 𝑂(1) time as we store the paths by their endpoints, and after each of these operations, 
only the endpoints are changed while the new paths are created. Finding a pair of unrelated paths can also be done in 𝑂(1) time, 
as the children of a particular vertex can be ordered from left to right, and the paths coming from the children can also be ordered 
accordingly. For each path 𝑝, we just need to check at most two consecutive paths in this ordering to find a path 𝑞 which is unrelated 
to 𝑝. Therefore, in each of the iterations of the while loop (line 12–16) we do the operations in 𝑂(1) time. All the iterations of the 
while loop together traverse each of the edges between 𝑣 and its children 𝑂(1) time. These edges are only traversed in 𝑣’s recursive 
call. The recursive 𝑃𝐶(𝑇 , 𝑣, 𝑆) call is made only once for each vertex. Therefore, the recursive calls altogether make the running time 
of the algorithm 𝑂(𝑛 + 𝑚), where 𝑚 is the number of edges of 𝑇  (since each edge of 𝑇  is traversed 𝑂(1) times), which is same as the 
running time of DFS. As 𝑚 is 𝑂(𝑛) for 𝑇 , the total running time becomes 𝑂(𝑛), which proves the second part of the theorem. ∎
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3. Path Cover on graphs of bounded treewidth

In this section, we present an algorithm that solves Path Cover on general graphs in XP time when parameterized by treewidth. 
The algorithm is a classic dynamic programming scheme over a tree decomposition.
Theorem 4. Path Cover can be solved in time 𝜅𝑡𝑂(𝑡) ⋅ 𝑛 on graphs of treewidth 𝑡 and order 𝑛, where 𝜅 is the maximum allowed solution 
size.

Since we can always assume that 𝜅 ≤ 𝑛, we have the following corollary.
Corollary 5. Path Cover can be solved in time 𝑛𝑡𝑂(𝑡) , where 𝑛 is the number of vertices, and 𝑡 is the treewidth of the input graph.

3.1. Preliminaries

Here, we give the definitions of tree decomposition, treewidth, and a well-structured form of it, a nice tree decomposition from [28].
Definition 6.  Let 𝐺 be an undirected graph. A tree decomposition of 𝐺 = (𝑉 ,𝐸) is a pair ( , 𝑋), where   is a tree and 𝑋 ∶ 𝑉 ( ) → 2𝑉

satisfies the following conditions:

• for each 𝑒 ∈ 𝐸 there exists a node 𝑣 ∈ 𝑉 ( ) such that both endpoints of 𝑒 are inside 𝑋𝑣, a bag associated with 𝑣.
• for each 𝑢 ∈ 𝑉  the set {𝑣 ∈ 𝑉 ( ) ∶ 𝑢 ∈ 𝑋𝑣} is connected in  .

The width of ( , 𝑋) is 𝑚𝑎𝑥𝑣∈𝑉 ( )|𝑋𝑣| − 1. The treewidth of a graph 𝐺, denoted by 𝑡, is the minimum width of all possible tree decom-
positions of 𝐺. 

We distinguish between vertices of 𝐺 and vertices of the tree decomposition by referring to the latter as nodes. Each node 𝑣 is 
associated with a bag 𝑋𝑣: a subset of vertices of graph 𝐺. We use the classic nice tree decompositions:
Definition 7  ([28]). A tree decomposition   of graph 𝐺 is nice if:

•   is rooted at node 𝑟 with 𝑋𝑟 = ∅.
• Each leaf node 𝑣 of   has an empty bag 𝑋𝑣 = ∅.
• Each non-leaf node is of one of the types below:
1. An Introduce node 𝑣 has exactly one child 𝑢 such that 𝑋𝑣 = 𝑋𝑢∪̇{𝑥} for some vertex 𝑥 in 𝑉 .
2. A Forget node 𝑣 has exactly one child 𝑢 such that 𝑋𝑣 = 𝑋𝑢 ⧵ {𝑥} for some vertex 𝑥 in 𝑉 .
3. A Join node 𝑣 has two children 𝑢1, 𝑢2 such that 𝑋𝑣 = 𝑋𝑢1 = 𝑋𝑢2 .

Given a graph 𝐺 on 𝑛 vertices and an integer 𝑡, there is an algorithm that either outputs a tree decomposition of 𝐺 of width at most 
2𝑡 + 1, or determines that the treewidth of 𝐺 is larger than 𝑡, in time 2𝑂(𝑡)𝑛 [29]. Given a tree decomposition of 𝐺 of width 𝑡 and 𝑂(𝑛)
nodes, a nice tree decomposition of width 𝑡 with at most 4𝑛 nodes can be constructed in time 𝑂(𝑡 ⋅ 𝑛) [30].

Let 𝐺 = (𝑉 ,𝐸) be a graph and ( , 𝑋) be a nice tree decomposition of 𝐺 with width at most 𝑡. Let 𝑣 be the subtree of   rooted at 
node 𝑣 and 𝑉𝑣 be the union of all bags in this subtree including 𝑋𝑣. We define 𝐺𝑣 as the subgraph of 𝐺 induced by 𝑉𝑣. We will use 
the following lemma from [4].
Lemma 8. Let ( , 𝑋) be a tree decomposition of a graph 𝐺 and let 𝑢𝑣 be an edge of  . The forest  − 𝑢𝑣 obtained from   by deleting edge 
𝑢𝑣 consists of two connected components 𝑢 and 𝑣. Then (𝑉𝑢, 𝑉𝑣) is a separation of 𝐺 with separator 𝑋𝑢 ∩𝑋𝑣.

3.2. The dynamic programming scheme

We implement our dynamic programming scheme for Path Cover in a bottom-up manner, starting at the leaf nodes of  . At 
each node 𝑣, we deal with a potential solution for 𝐺 that covers the vertices of 𝑋𝑣. We define a path as a sequence of vertices where 
any vertex in a path 𝑝 is incident to at most two vertices from 𝑝, giving at most two neighbours in the subgraph induced by 𝑝. Each 
neighbour of a vertex in 𝑝 can either belong to 𝐺𝑣 −𝑋𝑣 (and thus have been forgotten in the bag of some descendant node of 𝑣), 
which we represent with “↓”, or belong to 𝐺 − 𝐺𝑣 (it will appear in the bag of some ancestor node of 𝑣), which we represent by “↑”, 
or belong to 𝑋𝑣, which we represent by “−”. Therefore, we characterize each vertex by the types of its neighbour(s) inside a potential 
solution path. To this end, let   be the set of multisets of size at most two whose elements are taken from the set {−, ↑, ↓}.

At each node 𝑣, we define a partial path 𝑝 (representing the intersection of a path of 𝐺 with the bag 𝑋𝑣) by (Π𝑝, 𝜑𝑝) where Π𝑝 is an 
ordered subset of 𝑋𝑣 and 𝜑𝑝 is a function 𝜑𝑝 ∶ Π𝑝 →   which describes, for each vertex of 𝑝, the types of its neighbour(s) inside the 
path of 𝐺 represented by 𝑝. These paths are called “partial” since they consist of several paths, and might have neighbour(s) in the 
path that lie outside the node. Each vertex 𝑥 of a partial path 𝑝 in 𝑋𝑣 has the possibility of being in either of the types illustrated in 
Fig. 1 with respect to the path 𝑝′ of 𝐺 represented by 𝑝.
Definition 9. The set   of types of a vertex with respect to a partial path 𝑝 of a node 𝑣 are as follows:

1. 𝑝 = 𝑝′ is a one-vertex path (and thus 𝑥 has no neighbours in 𝑝′); 𝑥 is assigned the type ∅.
2. 𝑥 is an endpoint of 𝑝′ (with a unique neighbour in 𝑝′), which is inside the bag; it is assigned the type {−}.
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Fig. 1. Illustration of the different types of a vertex with respect to some node 𝑣 and partial path. The set of types is  = {∅, {−}, {−,−}, {↑},
{↓}, {↑, ↑}, {↓, ↓}, {↓, ↑}, {↑,−}, {↓,−}}. “−” shows a vertex with a neighbour inside the bag 𝑋𝑣, “↑” shows a vertex with a neighbour in 𝐺 − 𝐺𝑣, and 
“↓” shows a vertex with a neighbour in 𝐺𝑣 −𝑋𝑣.

3. 𝑥 is an internal vertex of 𝑝′ with two neighbours in 𝑝′, both inside the bag; it is assigned the type {−,−}
4. 𝑥 is an endpoint of 𝑝′ with a unique neighbour in 𝑝′, in an ancestor bag; it is assigned the type {↑}.
5. 𝑥 is an endpoint of 𝑝′ with a unique neighbour in 𝑝′, in a descendant bag; it is assigned the type {↓}.
6. 𝑥 is an internal vertex of 𝑝′ with two neighbours in 𝑝′, both in ancestor bags; it is assigned the type {↑, ↑}.
7. 𝑥 is an internal vertex of 𝑝′ with two neighbours in 𝑝′ in descendant bags; it is assigned the type {↓, ↓}.
8. 𝑥 is an internal vertex of 𝑝′ with a neighbour in 𝑝′ in a descendant bag and a neighbour in 𝑝′ in an ancestor bag; it is assigned the 
type {↓, ↑}.

9. 𝑥 is an internal vertex of 𝑝′ with a neighbour in 𝑝′ in an ancestor bag and a neighbour in 𝑝′ inside the bag itself; it is assigned the 
type {↑,−}.

10. 𝑥 is an internal vertex of 𝑝′ with a neighbour in 𝑝′ in a descendant bag and a neighbour in 𝑝′ inside the bag itself; it is assigned 
the type {↓,−}.

We say that a partial path for node 𝑣 is consistent if it corresponds to the intersection with 𝑋𝑣 of some path of 𝐺.
Now, we extend the notion of a partial path 𝑝 of a node 𝑣 to that of a partial path 𝑝 of a subgraph 𝐺𝑣 in a natural way as follows. 

A partial path 𝑝 of 𝐺𝑣 is an ordered subset Π𝑝 of 𝑉𝑣 and a function 𝜑𝑝 ∶ Π𝑝 →   which describes, for each vertex of a path, the types 
of its neighbour(s) inside the path, where “↑” now refers to a neighbour in 𝑉 (𝐺) ⧵ 𝑉𝑣, “−” refers to a neighbour in 𝑉𝑣, and there is no 
vertex of 𝑝 whose type contains “↓”.

We say that a partial path 𝑝 of 𝑣 agrees with a partial path 𝑝′ of 𝐺𝑣 if the following conditions hold:

• Π𝑝 ⊆ Π𝑝′ ;
• the order of the vertices in Π𝑝 ∩ Π𝑝′  is the same in Π𝑝 and Π𝑝′ ;
• all vertices in Π𝑝′ ⧵ Π𝑝, have a type in {−}, {−,−}, ∅;
• 𝜑𝑝(𝑥) = 𝜑𝑝′ (𝑥), for each vertex 𝑥 with types ∅, {−}, {−,−}, {↑}, and {↑,−};
• If 𝜑𝑝(𝑥) = {↓} then 𝜑𝑝′ (𝑥) = {−};
• If 𝜑𝑝(𝑥) = {↑, ↑} then 𝜑𝑝′ (𝑥) = {↑, ↑};
• If 𝜑𝑝(𝑥) = {↓, ↓} then 𝜑𝑝′ (𝑥) = {−,−};
• If 𝜑𝑝(𝑥) = {↑, ↓} then 𝜑𝑝′ (𝑥) = {↑,−};
• If 𝜑𝑝(𝑥) = {↓,−} then 𝜑𝑝′ (𝑥) = {−,−}.

For a node 𝑣, we define a partial solution 𝑆 of 𝐺𝑣 as a collection 𝑃  of partial paths of 𝐺𝑣 whose vertices cover all the vertices in 𝑉𝑣. 
We require that every partial path is consistent, that is, it may correspond to the intersection of a path of 𝐺 with 𝐺𝑣. We also require 
that any partial path that has no vertex whose type contains “↑”, is unique (i.e. appears only once in 𝑆). However, partial paths with 
vertices whose type contains “↑” may appear multiple times (at most 𝑛 times). Indeed, they might correspond to different paths in 
a path cover of 𝐺, that all happen to have the same intersection with 𝐺𝑣. For notational convenience, a partial solution 𝑆 is stored 
as a set 𝑃  of partial paths, and a function 𝑓 where, for every partial path 𝑝 in 𝑆, we let 𝑓 (𝑝) ∈ {1,… , 𝑛} be the number of times the 
partial path 𝑝 appears in the partial solution 𝑆.

Let 𝑃  be a set of partial paths of a node 𝑣 together with a function 𝑓 ∶ 𝑃 → {1,… , 𝑛}, and 𝑆 = (𝑃 ′, 𝑓 ′) be a partial solution of 𝐺𝑣. 
Let 𝑀 be the multiset obtained from 𝑃  by adding, for every partial path 𝑝 of 𝑃 , 𝑓 (𝑝) copies of 𝑝 to 𝑀 . Similarly, let 𝑀 ′ be the multiset 
obtained from 𝑃 ′ obtained from the subset of partial paths of 𝑃 ′ that intersect 𝑋𝑣, by adding to 𝑀 ′, 𝑓 ′(𝑝) copies of each such path 𝑝
of 𝑃 ′. We say that 𝑃  corresponds to 𝑆 if there is a bijection 𝜓 from the 𝑀 to 𝑀 ′, such that 𝑝 agrees with 𝜓(𝑝) for every partial path 𝑝
of 𝑃 .

We are now ready to describe the dynamic programming scheme.

Dynamic Programming. We define a DP-state [𝑣, 𝑃 , 𝑓 ] as follows:

• 𝑣 is a node in a nice tree decomposition ( , 𝑋);
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• 𝑃  is a set of partial paths that covers the vertices of 𝑋𝑣;
• 𝑓 is a function 𝑓 ∶ 𝑃 → {1,… , 𝑛} that maps each partial path 𝑝 in 𝑃  to a value that shows how many times 𝑝 is used.

We say that a DP-state [𝑣, 𝑃 , 𝑓 ] valid if every partial path in 𝑃  is consistent, and (𝑃 , 𝑓 ) corresponds to a partial solution 𝑆 of 𝐺𝑣.
For a valid DP-state, we define 𝑜𝑝𝑡[𝑣, 𝑃 , 𝑓 ] as the minimum number of partial paths in a partial solution of 𝐺𝑣 corresponding to 

(𝑃 , 𝑓 ). If there exists no such partial solution, then the DP-state is invalid, and 𝑜𝑝𝑡[𝑣, 𝑃 , 𝑓 ] = ∞.
Now, we explain how to compute the value of a DP-state from the values of the children’s DP-states. We need to check the 

compatibility condition between DP-states of a node and the children’s DP-sates; this is specific for each node type. Therefore, we 
consider each case individually.

Let 𝑣 be an introduce node with a child node 𝑢. Two valid DP-states [𝑣, 𝑃 , 𝑓 ] and [𝑢, 𝑃 ′, 𝑓 ′] are compatible if there exist partial 
solutions 𝑆𝑣 of 𝐺𝑣 and 𝑆𝑢 of 𝐺𝑢 corresponding to (𝑃 , 𝑓 ) and (𝑃 ′, 𝑓 ′) respectively, such that the intersection of 𝑆𝑣 with 𝐺𝑢 is 𝑆𝑢. Let 𝑣
be a forget node with a child 𝑢. Two valid DP-states [𝑣, 𝑃 , 𝑓 ] and [𝑢, 𝑃 ′, 𝑓 ′] are compatible if there exist partial solutions 𝑆𝑣 of 𝐺𝑣 and 
𝑆𝑢 of 𝐺𝑢 corresponding to (𝑃 , 𝑓 ) and (𝑃 ′, 𝑓 ′) respectively, such that the intersection of 𝑆𝑢 with 𝐺𝑣 is 𝑆𝑣.

Let 𝑣 be a join node with two children 𝑢1 and 𝑢2. Three valid DP-states [𝑣, 𝑃 , 𝑓 ], [𝑢1, 𝑃 ′, 𝑓 ′], and [𝑢2, 𝑃 ′′, 𝑓 ′′] are compatible if 
there exist partial solutions 𝑆𝑢, 𝑆𝑢1 , 𝑆𝑢2  of 𝐺𝑣, 𝐺𝑢1  and 𝐺𝑢2  corresponding to (𝑃 , 𝑓 ), (𝑃 ′, 𝑓 ′) and (𝑃 ′′, 𝑓 ′′) respectively, such that the 
intersection of 𝑆𝑣 with 𝐺𝑢1  is 𝑆𝑢1  and the intersection of 𝑆𝑣 with 𝐺𝑢2  is 𝑆𝑢2 .

The algorithm proceeds as follows. It starts at the leaf nodes and approaches the root. At each node, the algorithm computes a 
value for each possible DP-state using the values of the children’s compatible DP-states, and chooses the minimum possibility. We 
next describe the computations done at each node, depending on their type.

Leaf node. For each leaf node 𝑣, 𝑋𝑣 = ∅, so it is trivial that 𝑜𝑝𝑡[𝑣, ∅, 𝑓 ] = 0.

Introduce node. Let 𝑣 be an introduce node with child node 𝑢 such that 𝑋𝑣 = 𝑋𝑢∪̇{𝑥} for some 𝑥 ∈ 𝑉 (𝐺). Let [𝑣, 𝑃 , 𝑓 ] be a valid 
DP-state for node 𝑣.

Note that if there is a partial path 𝑝 ∈ 𝑃  and 𝑥 with one of the values 𝜑𝑝(𝑥) = {↓}, 𝜑𝑝(𝑥) = {↑, ↓}, 𝜑𝑝(𝑥) = {−, ↓}, and 𝜑𝑝(𝑥) = {↓, ↓}, 
then the DP-state is not valid and 𝑜𝑝𝑡[𝑣, 𝑃 , 𝑓 ] = ∞. Indeed, by Lemma 8, there is no edge between 𝑥 and a vertex in 𝑉𝑣 ⧵𝑋𝑣.

Otherwise, we will look for all DP-states [𝑢, 𝑃 ′, 𝑓 ′] for 𝑢 compatible with [𝑣, 𝑃 , 𝑓 ]. To check whether [𝑢, 𝑃 ′, 𝑓 ′] and [𝑣, 𝑃 , 𝑓 ] are 
compatible, we only need to check the type of 𝑥 in every partial path 𝑝 (and the type of its neighbour(s) in 𝑝), since the remaining 
state in 𝑋𝑢 must be the same as 𝑋𝑣.

Let 𝑃𝑥 be the set of partial paths of 𝑃  that contains at least one vertex other than 𝑥. We must find a bijection between the partial 
paths of 𝑃𝑥 and those of 𝑃 ′ (taking into account their multiplicities), in the following way. For every partial path 𝑝 of 𝑃  not containing 
𝑥 at all, we require that 𝑝 also belongs to 𝑃 ′, with 𝑓 (𝑝) = 𝑓 ′(𝑝). Moreover, for every partial path 𝑝 of 𝑃  containing 𝑥 and at least one 
other vertex of 𝑋𝑣, there must be a partial path 𝑝′ of 𝑃 ′ such that 𝑝′ agrees with 𝑝 after removing 𝑥.

Let 𝐶 be the collection of all DP-states [𝑢, 𝑃 ′, 𝑓 ′] that are compatible with DP-state [𝑣, 𝑃 , 𝑓 ] and let 𝑘 be the number of partial 
paths of 𝑃  (accounting for their multiplicity via function 𝑓 ) containing only 𝑥. We have:

𝑜𝑝𝑡[𝑣, 𝑃 , 𝑓 ] = min
[𝑢,𝑃 ′ ,𝑓 ′]∈𝐶

{𝑜𝑝𝑡[𝑢, 𝑃 ′, 𝑓 ′]} + 𝑘

To justify the validity of this formula, note that (by induction hypothesis) our process constructs only valid partial solutions. 
Indeed, consider a partial solution 𝑆′ corresponding to (𝑃 ′, 𝑓 ′) of size 𝑜𝑝𝑡[𝑢, 𝑃 ′, 𝑓 ′], where [𝑢, 𝑃 ′, 𝑓 ′] ∈ 𝐶 is such that 𝑜𝑝𝑡[𝑢, 𝑃 ′, 𝑓 ′] is 
minimum. We obtain a partial solution 𝑆 of size |𝑆′

| + 𝑘 corresponding to (𝑃 , 𝑓 ) by extending 𝑆′. To do so, include vertex 𝑥 into the 
partial paths of 𝑃 ′ that correspond to partial paths of 𝑃  containing 𝑥, as explained in the compatibility check. Moreover, add as many 
singleton partial paths 𝑥 as needed. This shows that 𝑜𝑝𝑡[𝑣, 𝑃 , 𝑓 ] ≤ |𝑆| ≤ |𝑆′

| + 𝑘 = min[𝑢,𝑃 ′ ,𝑓 ′]∈𝐶{𝑜𝑝𝑡[𝑢, 𝑃 ′, 𝑓 ′]} + 𝑘.
Conversely, note that an optimal partial solution 𝑆 of size 𝑜𝑝𝑡[𝑣, 𝑃 , 𝑓 ] corresponding to (𝑃 , 𝑓 ) can be transformed into another 

one, 𝑆′, by deleting 𝑥 from it, with |𝑆′
| = |𝑆| − 𝑘 and 𝑆′ corresponds to some (𝑃 ′, 𝑓 ′) where [𝑢, 𝑃 ′, 𝑓 ′] is compatible with [𝑣, 𝑃 , 𝑓 ]. 

This shows that min[𝑢,𝑃 ′ ,𝑓 ′]∈𝐶{𝑜𝑝𝑡[𝑢, 𝑃 ′, 𝑓 ′]} ≤ |𝑆′
| ≤ 𝑜𝑝𝑡[𝑣, 𝑃 , 𝑓 ] − 𝑘 and thus, 𝑜𝑝𝑡[𝑣, 𝑃 , 𝑓 ] ≥ min[𝑢,𝑃 ′ ,𝑓 ′]∈𝐶{𝑜𝑝𝑡[𝑢, 𝑃 ′, 𝑓 ′]} + 𝑘.

Forget node. Let 𝑣 be a forget node with child 𝑢 such that 𝑋𝑣 = 𝑋𝑢 ⧵ {𝑥} for some 𝑥 ∈ 𝑉 . Let [𝑣, 𝑃 , 𝑓 ] be a valid DP-state of 𝑋𝑣.
Again, we will look for all DP-states [𝑢, 𝑃 ′, 𝑓 ′] compatible with [𝑣, 𝑃 , 𝑓 ]. To do so, similarly as in an introduce node, we need to 

check the type of 𝑥 (and its neighbours in the bag) for every partial path 𝑝 of [𝑢, 𝑃 ′, 𝑓 ′]. We observe that in [𝑢, 𝑃 ′, 𝑓 ′], 𝑥 cannot have 
a type containing “↑” since by Lemma 8, 𝑥 cannot be adjacent to a vertex of 𝑉 (𝐺) ⧵ 𝑉𝑣, so this type of DP-states can be disregarded. 
For every partial path 𝑝 in 𝑃 , we need to find a partial path 𝑝′ of 𝑃 ′ such that 𝑝′ agrees with 𝑝, that is, either 𝑝 = 𝑝′, or 𝑝′ is obtained 
from 𝑝 by removing 𝑥. Moreover, the multiplicities of the partial paths of 𝑃  corresponding to those of 𝑃 ′ have to match. Moreover, 
the only partial paths of 𝑃 ′ not corresponding to any partial paths of 𝑃  are those containing only 𝑥; every other partial path of 𝑃 ′

must correspond to one of 𝑃 .
Let 𝐶 be the collection of all DP-states [𝑢, 𝑃 ′, 𝑓 ′] that are compatible with [𝑣, 𝑃 , 𝑓 ]. We have:

𝑜𝑝𝑡[𝑣, 𝑃 , 𝑓 ] = min
[𝑢,𝑃 ′ ,𝑓 ′]∈𝐶

{𝑜𝑝𝑡[𝑢, 𝑃 ′, 𝑓 ′]}

As for the introduce node, the upper bound follows because one can construct a partial solution of 𝐺𝑣 corresponding to [𝑣, 𝑃 , 𝑓 ]
using the partial solutions for 𝐺𝑢 in 𝐶. The lower bound follows because one can, conversely, create a partial solution for 𝐺𝑢 corre-
sponding to some DP-state of 𝐶 by using one for 𝐺𝑣 corresponding to [𝑣, 𝑃 , 𝑓 ].
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Join node. Let 𝑣 be a join node with children 𝑢1 and 𝑢2 such that 𝑋𝑣 = 𝑋𝑢1 = 𝑋𝑢2 . Let [𝑣, 𝑃 , 𝑓 ] be a valid DP-state for 𝑣.
As before, we will check the compatibility of [𝑣, 𝑃 , 𝑓 ] with (valid) DP-states [𝑢1, 𝑃 ′, 𝑓 ′] and [𝑢2, 𝑃 ′′, 𝑓 ′′]. Similarly as before, the 

DP-states [𝑣, 𝑃 , 𝑓 ], [𝑢1, 𝑃 ′, 𝑓 ′], and [𝑢2, 𝑃 ′′, 𝑓 ′′] are compatible if there is a bijection 𝜓1 between the partial paths of 𝑃  and those 
of 𝑃 ′ (again, accounting for their multiplicities, that is, we consider 𝑓 (𝑝) copies of each partial path 𝑝), and a similar bijection 𝜓2
between the partial paths of 𝑃  and those of 𝑃 ′′. These bijections must be so that for any copy 𝑝′ of a partial path 𝑝 of 𝑃 , 𝜓1(𝑝′) and 
𝜓2(𝑝′) have the same vertices and the same orderings: Π𝑝 = Π𝜓1(𝑝′) = Π𝜓2(𝑝′). Moreover, for any vertex 𝑥 in a copy 𝑝′ of a partial path 
𝑝 ∈ 𝑃 , if 𝜑𝑝(𝑥) contains “↓”, then together 𝜑𝜓1(𝑝′)(𝑥) and 𝜑𝜓2(𝑝′)(𝑥) must contain the same number of “↓” as 𝜑𝑝(𝑥). If 𝜑𝑝(𝑥) contains 
“↑” or “−”, then each of 𝜑𝜓1(𝑝′)(𝑥) and 𝜑𝜓2(𝑝′)(𝑥) must contain the same number of “↑” and “−” as 𝜑𝑝(𝑥). Finally, if 𝜑𝑝(𝑥) = ∅, also 
𝜑𝜓1(𝑝′)(𝑥) = 𝜑𝜓2(𝑝′)(𝑥) = ∅.

Let 𝑘 be the number of partial paths of 𝑃  that intersect 𝑋𝑣, and let 𝐶 be the collection of all pairs of DP-states 
([𝑢1, 𝑃 ′, 𝑓 ′], [𝑢2, 𝑃 ′′, 𝑓 ′′]) compatible with [𝑣, 𝑃 , 𝑓 ]. We have:

𝑜𝑝𝑡[𝑣, 𝑃 , 𝑓 ] = min
([𝑢1 ,𝑃 ′ ,𝑓 ′],[𝑢2 ,𝑃 ′′ ,𝑓 ′′])∈𝐶

{𝑜𝑝𝑡[𝑢1, 𝑃 ′, 𝑓 ′] + 𝑜𝑝𝑡[𝑢2, 𝑃 ′′, 𝑓 ′′] − 𝑘}

To see the validity of the formula, as before, we argue that given two DP-states [𝑢1, 𝑃 ′, 𝑓 ′], [𝑢2, 𝑃 ′′, 𝑓 ′′] for 𝑢1 and 𝑢2 that are 
compatible with [𝑣, 𝑃 , 𝑓 ], we can produce a partial solution that corresponds to (𝑃 , 𝑓 ) by merging the partial solutions corresponding 
to (𝑃 ′, 𝑓 ′) and (𝑃 ′′, 𝑓 ′′). By Lemma 8, since 𝑋𝑣 is a separator of 𝐺 and the paths of 𝑃 , 𝑃 ′ and 𝑃 ′′ agree on 𝑋𝑣, we indeed obtain a 
partial solution of 𝐺𝑣. This shows the upper bound of the formula.

For the lower bound, conversely, we argue that given any optimal partial solution 𝑆 corresponding to (𝑃 , 𝑓 ), we can find two 
DP-states [𝑢1, 𝑃 ′, 𝑓 ′], [𝑢2, 𝑃 ′′, 𝑓 ′′] for 𝑢1 and 𝑢2 compatible with [𝑣, 𝑃 , 𝑓 ] such that 𝑆1 (the partial solution equal to 𝑆 restricted to 𝐺𝑢1 ) 
corresponds to [𝑢1, 𝑃 ′, 𝑓 ′], and 𝑆2 (the partial solution equal to 𝑆 restricted to 𝐺𝑢2 ) corresponds to [𝑢2, 𝑃 ′′, 𝑓 ′′]. Thus, the size of 𝑆 must 
be at least |𝑆1| + |𝑆2| − 𝑘. Hence, we have 𝑜𝑝𝑡[𝑣, 𝑃 , 𝑓 ] ≥ 𝑜𝑝𝑡[𝑢1, 𝑃 ′, 𝑓 ′] + 𝑜𝑝𝑡[𝑢2, 𝑃 ′′, 𝑓 ′′] − 𝑘 ≥ min([𝑢1 ,𝑃 ′ ,𝑓 ′],[𝑢2 ,𝑃 ′′ ,𝑓 ′′])∈𝐶{𝑜𝑝𝑡[𝑢1, 𝑃 ′, 𝑓 ′] +
𝑜𝑝𝑡[𝑢2, 𝑃 ′′, 𝑓 ′′] − 𝑘}.

We are now ready to prove Theorem 4.
Proof.  (Proof of Theorem 4) Recall that given the graph 𝐺 of order 𝑛 with treewidth 𝑡, one can compute a nice tree decomposition 
of width at most 2𝑡 + 1 with at most 4𝑛 nodes in time 2𝑂(𝑡)𝑛 [29,30].

Our algorithm goes through this tree decomposition in a bottom-up fashion and computes, for each possible DP-state of the 
current node, the optimal value for this state using the children’s optimal values. The correctness of this algorithm is given by the 
above discussion and the correctness of the inductive formulas. The optimal value of a solution is then obtained at the root. To obtain 
the actual path cover, one may use a standard backtracking procedure to build it inductively.

The running time is dominated by the generation, at each node, of all possible DP-states. By the preliminary discussions, we have 
|𝑋𝑣| ≤ 2𝑡 + 2 for each node 𝑣 of the tree decomposition, if 𝐺 is of treewidth 𝑡. Let us count the number of possible DP-states [𝑣, 𝑃 , 𝑓 ]
for a node 𝑣. 𝑃  is a collection of partial paths that covers the vertices of 𝑋𝑣. Each partial path in 𝑃  is an ordered subset of 𝑋𝑣, where 
each vertex has 10 possible types inside the partial path. Therefore, there are at most (10𝑡)! = 𝑡𝑂(𝑡) possible partial paths. To each 
of them, we associate a number between 1 and 𝜅 using the function 𝑓 . There are at most 𝜅(10𝑡)! possible functions 𝑓 , thus, the total 
number of partial solutions inside each node is at most 𝜅𝑡𝑂(𝑡) , and we can compute them in this time. We can also check the validity, 
compatibility, etc of the DP-states in time that is polynomial in the size of a DP-state. In a forget/introduce node, we process all pairs 
of DP-states coming from the parent and child node, which takes 𝑝2 time (if there are at most 𝑝 possible DP-states per node), and in 
a join node, we go through all triples of DP-states coming from the parent and the two children nodes, which takes 𝑝3 time. In each 
case, we have 𝑝 = 𝜅𝑡𝑂(𝑡)  and thus 𝑝3 is still 𝜅𝑡𝑂(𝑡) . We have at most 4𝑛 nodes in the tree decomposition; hence, the algorithm solves
Path Cover in time 𝜅𝑡𝑂(𝑡)𝑛. ∎

3.3. The case of induced paths and edge-disjoint paths

The case where the solution paths are required to be induced can be handled easily, indeed, a solution path is induced if and only 
if its intersection with every bag is induced as well. Thus, it suffices to only consider the DP-states where the partial paths have no 
unwanted chord inside the bag. Otherwise, the algorithm remains the same.

For the edge-disjoint variants, similarly, it suffices to check for every considered DP-state, whether its partial paths are edge-
disjoint. Otherwise, the algorithm remains the same.

4. Path Partition on graphs of bounded treewidth

In Path Partition, since the solution paths are vertex-disjoint, the number of paths that go through each bag of the tree decom-
position is at most the size of the bag. Hence, a DP-state from the algorithm in Section 3 simply needs a collection of partial paths 
that forms a partition of the bag into ordered sets, and thus, there are at most 𝑡𝑂(𝑡) = 2𝑂(𝑡⋅log 𝑡) possible DP-states for every node, since 
there are at most (𝑡 + 1)! = 𝑡𝑂(𝑡) orderings and 𝑡𝑂(𝑡) possible partitions of a bag. Thus, we obtain an FPT algorithm for Path Partition
in time 2𝑂(𝑡⋅log 𝑡)𝑛.

We next use the Cut&Count method described in [31] to solve Path Partition in time 2𝑂(𝑡)𝑛. In [31], they show that this method 
uses a randomization technique based on the Isolation Lemma [32], which leads to a one-sided error Monte-Carlo algorithm. A one-
sided error Monte-Carlo algorithm is a randomized algorithm where a probabilistic bias towards a specific outcome is provided. To 
be specific, our algorithm is a false-biased one-sided error Monte-Carlo algorithm. Therefore, if the solution to our problem does not 
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exist, then the algorithm always returns “NO” accurately, whereas it does not always return “YES” accurately; it returns “YES” with 
a reasonably good probability.

We now define the notions required for the isolation lemma. Let  = {𝑆1, 𝑆2,… , 𝑆𝑘} be a family of subsets of a universe 𝑈 =
{𝑥1, 𝑥2,… , 𝑥𝑛} and 𝑤 ∶ 𝑈 → ℤ be a weight function.
Definition 10.  The weight function 𝑤 isolates the subset family  if there exists a unique set 𝑆𝑖 ∈  such that ∑𝑥𝑗∈𝑆𝑖 𝑤(𝑥𝑗 ) is 
minimum. 
The following Isolation Lemma by Mulmuley, Vazirani and Vazirani [32] is the key ingredient of the Cut&Count technique. 
This probabilistic lemma was originally introduced to give a parallel algorithm for finding a maximum matching in a gen-
eral graph. The lemma works for any arbitrary set system and finds applications in parallel computation and randomized
reductions.

Lemma 11  (Isolation Lemma [32, Lemma 1]).  If the weights 𝑤(𝑥𝑖) of the elements 𝑥𝑖 ∈ 𝑈 are chosen uniformly and independently at 
random from {1, 2,… , 𝑁} then 

𝑃𝑟[𝑤 𝑖𝑠𝑜𝑙𝑎𝑡𝑒𝑠 ] ≥ 1 − 𝑛
𝑁
.

We use the Cut&Count technique following [31] for our problem. The technique has two parts: the Cut part and the Count part. We 
use the notion of markers (described in [31, Section 3.2]). Let  be the solution set of tuples of the form (𝑃 ,𝑀) for Path Partition
for the given graph 𝐺 = (𝑉 ,𝐸), such that 𝑃 ⊆ 𝐸 is a path partition of 𝐺, and 𝑀 ⊆ 𝑉  is a set of marked vertices (markers) with
|𝑀| = 𝑘.

In this method, we consider the set of paths in the solution as a subset of the edges, and in the next part we explain in detail how 
to check whether a subset of edges corresponds to a path partition. Note that in our case, we do not need to store the sequence of 
the vertices in a path, as we are looking for the subset of edges which reflects the sequence of the vertices of the path constructed by 
that particular set of edges. Additionally, in the above setting, it is required that each path in 𝑃  contains at least one marked vertex 
from 𝑀 . This ensures that the number of paths in 𝑃  is at most 𝑘.

The Cut part. We assign weights to the edges and vertices of 𝐺 (defining the universe 𝑈 = 𝐸 ∪ 𝑉 ) uniformly and independently at 
random from {1, 2,… , 𝑁}, such that 𝑁 = 2(|𝐸| + |𝑉 |). Therefore, the weight function 𝑤 is defined as 𝑤 ∶ 𝐸 ∪ 𝑉 → {1, 2,… , 2(|𝐸| +
|𝑉 |)}.

For a particular integer weight 𝜔, where 0 ≤ 𝜔 ≤ 2(|𝐸| + |𝑉 |)2, we define 𝜔, 𝜔, and 𝜔 as follows:

1. Let 𝜔 be the set of tuples of the form (𝑃 ,𝑀), where 𝑃 ⊆ 𝐸 is a path partition of 𝐺, and 𝑀 ⊆ 𝑉  is a set of marked vertices 
with |𝑀| = 𝑘. 𝜔 denotes the family of possible candidate solutions corresponding to the weight 𝜔, i.e. 𝑤(𝑃 ∪𝑀) = 𝜔. To 
check whether 𝑃  is a path partition of 𝐺, we follow the argument below. Let 𝐺[𝑃 ] be the subgraph of 𝐺 with vertex set 𝑉
and edge set 𝑃 . Let 𝑐′𝑃  and 𝑐′′𝑃  be the numbers of singleton and non-singleton components in 𝐺[𝑃 ], respectively. Since 𝑃  is a 
collection of vertex-disjoint paths and singleton vertices, 𝑑𝑒𝑔𝐺[𝑃 ](𝑣) ≤ 2 for any vertex 𝑣 ∈ 𝑉 . The number of degree 0 vertices 
in 𝐺[𝑃 ] is 𝑐′𝑃 , the number of degree 1 vertices in 𝐺[𝑃 ] is 2 ⋅ 𝑐′′𝑃 , and the remaining vertices, i.e. (𝑛 − 2 ⋅ 𝑐′′𝑃 − 𝑐′𝑃 ) vertices, are 
degree 2 vertices (assuming 𝑛 is the number of vertices in 𝐺[𝑃 ]). To get the value of 𝑐′𝑃  and 𝑐′′𝑃  we can run a BFS or DFS on
𝐺[𝑃 ].

2. Let 𝜔 be the solution set of tuples (𝑃 ,𝑀) ∈ 𝜔 such that each component in 𝐺[𝑃 ] contains at least one marked vertex from 𝑀
(if the component is a singleton vertex then that vertex must be a marked vertex from 𝑀).

3. Let 𝜔 be the set of tuples of the form ((𝑃 ,𝑀), (𝑉 (𝑃1), 𝑉 (𝑃2))), where (𝑃 ,𝑀) ∈ 𝜔 and (𝑉 (𝑃1), 𝑉 (𝑃2)) is a consistent cut of 𝐺[𝑃 ]
and 𝑀 ⊆ 𝑉 (𝑃1) i.e. all the marked vertices 𝑀 are on one side of the cut. A cut is called a consistent cut if for any two disjoint 
vertices 𝑢 ∈ 𝑉 (𝑃1) and 𝑣 ∈ 𝑉 (𝑃2), the edge 𝑢𝑣 ∉ 𝐸(𝐺).

Proposition 12. 𝐺 has a path partition of size at most 𝑘 if and only if there exists a weight value 𝜔 for which 𝜔 is non-empty. 
Proof.  According to the definition of 𝜔, if 𝜔 is non-empty that means there exists at least one tuple (𝑃 ,𝑀) such that 𝑃  is a path 
partition, and each path in 𝑃  contains at least one marked vertex from 𝑀 . Since |𝑀| = 𝑘, therefore, the number of paths in Path 
Partition is at most 𝑘.

Suppose 𝐺 has a Path Partition 𝑃  of size at most 𝑘, then from each path in 𝑃 , we mark one vertex and add it to the set 𝑀 . 
Since the paths in 𝑃  are vertex-disjoint, the size of 𝑀 is at most 𝑘. Let 𝜔 be the sum of the weights on the edges of the path 𝑃  and 
weights on the marked vertices. Thus, we can define a non-empty 𝜔 by 𝑃  and 𝑀 and corresponding 𝜔. ∎

The Count Part. We now describe the Count part of the Cut&Count method.
Lemma 13. Given 𝐺,𝜔,𝜔,𝜔, and 𝜔, for each weight value 𝜔, we have |𝜔| ≡ |𝜔| (mod 2). 
Proof.  For a tuple (𝑃 ,𝑀) ∈ 𝜔, let 𝑐𝑃  be the number of connected components of 𝐺[𝑃 ] that do not contain any vertex 𝑣 ∈𝑀 .
Given a tuple ((𝑃 ,𝑀), (𝑉 (𝑃1), 𝑉 (𝑃2))) ∈ 𝜔, all the marked vertices 𝑣 ∈𝑀 are in 𝑉 (𝑃1). Therefore, the components containing no 
vertices of 𝑀 are either part of 𝑉 (𝑃1) or 𝑉 (𝑃2). Hence, for a fixed tuple (𝑃 ,𝑀) ∈ 𝜔, there exist 2𝑐𝑃  tuples in 𝜔, by varying the 
consistent cuts 𝑉 (𝑃1) and 𝑉 (𝑃2). Therefore, |𝜔| =

∑

∀(𝑃 ,𝑀)∈𝜔
2𝑐𝑃 . Since 𝜔 is the solution set of tuples (𝑃 ,𝑀) ∈ 𝜔 such that each 

connected component of 𝐺[𝑃 ] contains at least one marked vertex from 𝑀 , a specific tuple (𝑃 ,𝑀) ∈ 𝜔 corresponds to those tuples 
of 𝜔 where 𝑐𝑃 = 0, or equivalently 𝑉 (𝑃2) = ∅. Therefore, |𝜔| ≡ |𝜔| (mod 2). ∎
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The type of tree decomposition we use is the same as described in [31]. We call this type of tree decomposition an advanced nice 
tree decomposition where along with the properties of a nice tree decomposition, an additional type of node is used. These nodes are 
called introduce edge nodes.
Definition 14.  An introduce edge node 𝑥 has exactly one child 𝑦 such that 𝑋𝑥 = 𝑋𝑦. The node is labeled with an edge 𝑢𝑣 ∈ 𝐸 with 
𝑢, 𝑣 ∈ 𝑋𝑥 = 𝑋𝑦. 
These nodes are present for every edge 𝑢𝑣 ∈ 𝐸(𝐺). Let   be an advanced nice tree decomposition, and 𝑥 be an introduce edge node 
for an edge 𝑢𝑣 ∈ 𝐸(𝐺) with a child bag 𝑦. Then 𝑢, 𝑣 ∈ 𝑋𝑥 and 𝑋𝑥 = 𝑋𝑦, indicating that the edge 𝑢𝑣 is introduced in the bag of 𝑥. In 
a nice tree decomposition, when a vertex is introduced in an introduce node, all the edges that are incident to that vertex are also 
considered in the computation when we process the introduce node. However, for an advanced nice tree decomposition, there are 
separate bags (introduce vertex nodes and introduce edge nodes) that introduce a vertex and the edges incident to it separately. 
Therefore, when we process an introduce vertex node, the vertex that has been introduced in the corresponding bag remains isolated, 
and in later stages, with the help of introduce edge nodes, all the edges incident to that vertex are processed eventually, one at a 
time. The other node types in an advanced nice tree decomposition are the same as in Definition 7. It is noted in [31] that, given a 
tree decomposition, an advanced nice tree decomposition of the same width can be computed in polynomial time.
Lemma 15. Given a graph 𝐺 = (𝑉 ,𝐸), an advanced nice tree decomposition   of 𝐺, a weight function 𝑤 → {1, 2,… , 𝑁}, and an integer 
𝑘, there exists an algorithm that computes |𝜔| (mod 2) for all 0 ≤ 𝜔 ≤ (𝑘 + |𝑉 |)𝑁 in |𝑉 |

𝑂(1)𝑁225𝑡 time.
Proof.  Let 𝑋𝑥 be the set of vertices in bag 𝑥. Let 𝐺𝑥 be a subgraph of 𝐺 induced by vertex set 𝑉𝑥, where 𝑉𝑥 is the union of all the 
bags in the subtree of   rooted at a bag 𝑥 (including the vertices present in 𝑥), and the edge set 𝐸𝑥 be the set of edges of 𝐺 with 
both endpoints in 𝑉𝑥. The partial solutions of the problem are defined below. For each bag 𝑥 ∈  , every integer 1 ≤ 𝑖 ≤ 𝑘, and for all 
weight values 0 ≤ 𝜔 ≤ (𝑘 + |𝑉 |)𝑁 , we define 𝑥(𝑖, 𝜔, 𝑠) as a collection of tuples ((𝑃 ,𝑀), (𝑉 (𝑃1), 𝑉 (𝑃2))) with the following properties:
1. 𝑃 ⊆ 𝐸𝑥, and 𝑀 ⊆ 𝑉 (𝑃1)∖𝑋𝑥.
2. (𝑉 (𝑃1), 𝑉 (𝑃2)) be the consistent cut of 𝐺[𝑃 ], where 𝐺[𝑃 ] is a subgraph of 𝐺 with vertex set 𝑉𝑥 and edge set 𝑃 .
3. For every 𝑣 ∈ 𝑉𝑥, 𝑑𝑒𝑔𝐺[𝑃 ](𝑣) ≤ 2.
4. 𝑃  is a path partition of 𝐺[𝑃 ] (follow the definition of 𝜔 for details).
5. 𝑤(𝑋) +𝑤(𝑀) = 𝜔, and |𝑀| = 𝑖.
6. 𝑠 ∶ 𝑋𝑥 → {01, 02, 11, 12, 2} is a function defined for each vertex in 𝑥 and that assumes values based on their degree in 𝐺[𝑃 ]. The 
value 𝑠(𝑣) of a vertex 𝑣 ∈ 𝑥 is of the form 𝛼𝛽 , where 𝛼 denotes the degree of 𝑣 in 𝐺[𝑃 ] with values either 0 (singleton set, not 
included in a path) or 1 (endpoint of a path) or 2 (internal vertex of a path) and 𝛽 denotes which side of the consistent cut 𝑣 is 
present with values either 1 (when 𝑣 ∈ 𝑉 (𝑃1)) or 2 (when 𝑣 ∈ 𝑉 (𝑃2)).

Note that when a vertex is forgotten in the forget node, then it can be made a marked vertex by properly adjusting the value of 𝑖. 
Moreover, if 𝑑𝑒𝑔𝐺[𝑃 ](𝑣) = 2 then 𝑣 has been processed and is no longer required in the future since 𝑣 is an internal vertex of a path. 
Therefore, it is not necessary to store which side of the cut 𝑣 is in such a case. Since we consider singleton paths in our calculation, 
it is important to store which side of the cut a vertex 𝑣 is in when 𝑑𝑒𝑔𝐺[𝑃 ](𝑣) = 0.

Let 𝑟 be the root node of  . Since |𝜔| (mod 2) = 𝑟(𝑖, 𝜔, ∅) (mod 2), to compute the value of |𝜔| (mod 2) for all 𝜔 it is enough to 
compute 𝑟(𝑖, 𝜔, ∅) for all 𝜔.

Introduce vertex node. Let 𝑣 be the vertex introduced in the introduce vertex bag. Since none of the edges incident to 𝑣 are processed 
at this stage, 𝑣 remains a singleton path.

𝑥(𝑖, 𝜔, 𝑠[𝑣 → 0𝑗 ]) = 𝑦(𝑖, 𝜔, 𝑠) for 𝑗 ∈ {0, 1}.

Introduce edge node. We refer to [31, Theorem A.14] for this part. The only thing that is different for our problem is the states for 
the degree 0 vertices (either 01 or 02). Following the definition of 𝑠𝑢𝑏𝑠(𝛼) in [31] we can write 𝑠𝑢𝑏𝑠(01) = 𝑠𝑢𝑏𝑠(02) = ∅. The rest of the 
analysis is the same as for the introduce edge node in [31, Theorem A.14].

Forget Node. Let 𝑣 be the vertex that has been forgotten in the forget node. Then 𝑣 can be a singleton vertex, or an internal vertex 
of a path, or an endpoint of a path. Hence,

𝑥(𝑖, 𝑤, 𝑠) =
∑

𝛼∈ {01 ,02 ,
11 ,12 ,2}

𝑦(𝑖, 𝑤, 𝑠[𝑣 → 𝛼]).

Join node. We again refer to [31, Theorem A.14] for this part. Similar to the introduce edge node, the two states of a degree 0 vertex 
are handled separately.

A standard dynamic programming to compute all the values of 𝑥(𝑖, 𝜔, 𝑠) takes time |𝑉 |

𝑂(1)𝑁225𝑡, where the number 25 = 52

comes from the calculation of the join node. (Note that one could use fast subset convolution like in [31] to reduce the constant value 
25, which we do not do here.) ∎
Theorem 16. There exists a Monte-Carlo algorithm that, given a graph 𝐺 and a tree decomposition of width 𝑡 of 𝐺, solves Path Partition 
in 25𝑡𝑛𝑂(1) time for graphs of order 𝑛. The algorithm does not give any false positives and gives false negatives with probability at most 1∕2. 
Proof.  Combining Algorithm 1 (by setting 𝑈 = 𝐸 ∪ 𝑉 ), Corollary 3.1 of [31], and Lemma 15, we get the algorithm to solve Path 
Partition. The correctness of the algorithm and the running time follow from Lemmas 13 and 15, respectively. ∎
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Fig. 2. A family of graphs of arbitrarily large order 𝑛 and treewidth 2, with Θ(√𝑛) cut-vertices, and 2-connected components each of order Θ(√𝑛). 
An optimal solution to Path Cover consists of Θ(√𝑛) solution paths, each of length Θ(√𝑛), all going from the left to the right side of the graph. 
Thus, there is an unbounded number of solution paths going through every bag of any tree decomposition of bounded width.

5. Conclusion

We have re-initiated the study of Path Cover, which surprisingly is not extensively studied. We settled its complexity for trees 
by giving a linear-time algorithm on this class, and we gave an explicit 𝑛𝑡𝑂(𝑡)  XP-time dynamic programming scheme for graphs of 
treewidth 𝑡, or 𝜅𝑡𝑂(𝑡)𝑛 if we have an upper bound on the solution size 𝜅. An algorithm for Path Partition using the Cut&Count 
technique gives a 2𝑂(𝑡)𝑛 FPT running time. These running times also hold for the variants of Path Cover and Path Partition where 
the solution paths are required to be induced and/or edge-disjoint.

We note that in a recent paper, the first author, F. Foucaud, with two other colleagues, used the linear-time algorithm for Path 
Cover on trees to obtain a linear-time algorithm for Path Cover on outerplanar graphs [33]. It would be interesting to design 
polynomial-time algorithms for Path Cover on other graph classes.

It would also be nice to improve the running times of our algorithm for Path Cover. Can one get an improved 𝑛𝑂(𝑡) algorithm? 
Can it actually be solved in FPT time for parameter treewidth alone? It is possible that this is not the case, as the number of solution 
paths going through one bag of the tree decomposition can be arbitrarily large (see Fig. 2). In case of a negative answer, this would 
show a striking contrast between the algorithmic complexities of Path Cover and Path Partition.
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